A RIGOROUS APPROACH TO THE MAGNETIC RESPONSE IN DISORDERED SYSTEMS. 



Philippe Briet, Baptiste Savoie. 



Centre de Physique Theoriqu%, Case postale 907, 
F~ 13288 Marseille Cedex 9, France. 



Abstract: 

This paper is a part of an ongoing study on the diamagnetic behavior of a 3-dimensional 
quantum gas of non-interacting charged particles subjected to an external uniform magnetic 
field together with a random electric potential. We prove the existence of an almost-sure non- 
random thermodynamic limit for the grand-canonical pressure, magnetization and zero-field 
orbital magnetic susceptibility. We also give an explicit formulation of these thermodynamic 
limits. Our results cover a wide class of physically relevant random potentials which model 
not only crystalline disordered solids, but also amorphous solids. 
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1. Introduction and main results 

1.1. Introduction. In this paper we study rigorously the diamagnetic response of a quantum 
gas of non-interacting charged particles trapped in an amorphous medium and subjected to 
an uniform magnetic field of intensity B >0. Under the grand-canonical conditions and in the 
weak-field regime, this response is completely characterized by the pressure and its first two 
derivatives w.r.t. B, i.e. the magnetization and the susceptibility. Especially we are focusing 
on the bulk response which is of great interest since it is independent of the boundary effects. 
This is obtained by proving the existence of the thermodynamic limit for these quantities 
firstly defined at finite volume. From a mathematical point of view, this consists of showing 
that the derivatives of the pressure w.r.t. B (performed at finite volume) commute with the 
thermodynamic limit. 

Our paper is an extension of the works of Brief et al. O 21 [5] where the case of a perfect 
quantum gas has been treated. All these papers are in fact in the continuation of a study 
initiated by Angelescu et al. [HE]; for a brief review see also [10^ H]. In the regime of positive 
temperature T and small fugacity z, it is proved in [3l H] the existence of the thermodynamic 
limit for the pressure and all its derivatives w.r.t. B for any positive value of the cyclotron 
frequency, h := qB/c. This proof is based on a main ingredient: the application of the so-called 
gauge invariant magnetic perturbation theory to the corresponding Gibbs semigroups, see also 
[lOj . Afterwards in [5] , they extend these results to the z-complex domain of analyticity of the 
pressure, through the Vitali convergence theorem. Consequently they obtained the existence 
but no explicit formula of the limits for all admissible values of z. 

Recently, all these results have been improved in covering the case of periodic interactions 
with local singularities; basically of the Kato class. But in p], only the limit of the pressure 
has been considered. The proof is essentially based on the Pastur-Shubin formula for the 
integrated density of states [E] . Later on the generalized susceptibilities were studied in [22] . 
These results have been used in [7] to get a zero-field orbital susceptibility formula for a Bloch 
electron gas and the justification of the Landau-Peierls approximation at small density and 
zero temperature. 

In this paper, the background electric potential is assumed to be a G^-ergodic (G = Z or 
M) random field having two types of singularities: local singularities and a polynomial growth 
at infinity, see assumptions (R1)-(R2) below. These assumptions cover most of the electric 
potentials widely used in the quantum theory of solids, see Section 1.3 for examples. Our 
main results prove generically the existence of an almost-sure non-random thermodynamic 
limit for the pressure, magnetization and zero-field orbital susceptibility. Furthermore we give 
an explicit expression of these limits on the maximal (independent of b) z-complex domains 
without resorting to the Vitali theorem. These significant advances are made possible by 
employing the gauge invariant magnetic perturbation theory to control the perturbed resolvent 
operator, see [11] for further applications. 

1.2. The setting and the main result. Consider a 3-dimensional quantum gas composed of 
non-relativistic identical charged particles, obeying either the Bose-Einstein or the Fermi-Dirac 
statistics, and subjected to an external constant magnetic field. Since we are only interested 
in orbital diamagnetic effects, we do not consider the spin of particles. Besides each particle 
interacts with a random electric potential (the sense will make precise hereafter) modeling 
a disordered medium. The interactions between particles are neglected (strongly diluted gas 
assumption) and the gas is at thermal equilibrium. 

Let us precise our assumptions. The gas is confined in a cubic box centered at the origin 
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given by = Al{0) := {-L/2,L/2f, L > 0. The magnetic field is defined by B := {0,0, B) 
with B >0, and we use the symmetric gauge, i.e. the magnetic vector potential is defined by 
i?a(x) := A x = ^{—X2,xi,0). In the following we denote 6 := ^ e M. 
Let be a complete probability space and E[-] := J^¥{duj){-) be the associated ex- 

pectation. We consider random electric potentials, i.e. scalar random fields y : x ^ R, 
^ y(^)(x) which are assumed to be jointly measurable with respect to the product of 
the (T-algebra J- on Q. and the Borel-algebra ;B(R^). In the whole of the paper we suppose: 

(E) is a R^-ergodic random field. 
Recall that this assumption (see e.g. [17]) requires the existence of an ergodic group {Tk}keiR3 
of measure-preserving automorphisms on s.t. V^'^^ is R^-stationary in the sense that: 

F(^'^)(x) = y('^)(x-k) Vx G R^ Vk G R^ Vw G J^. (1.1) 

(R) The realizations of V^^^ are given by: 

yH(x) = y/"'^(x) + y2^'^)(x) xGR^u;G^7, (1.2) 

where P-a.s. on 0: 

(Rl) Vi'^^ is an uniformly locally integrable function, i.e. vj^^ G L^[^^(R^) with p > 3. 
(R2) V.j'^^ obeys the conditions: 

< Vj'^\yi) < Ca{uj){l + |x|") with a G (0, ^) and c„(a;) > 0. (1.3) 

Recall that the space L^jqj,(R^) consists of measurable functions / : — )■ C satisfying: 

||/||i<p<oo,uioc := sup ( / dy|/(y)|P < oo, ||/||oo,uioc := ess sup |/(x)| < oo. (1.4) 

xeM^ \J|x-y|<l / xeIR3 

We discuss below about the choice of these assumptions, see Section 1.3. 

Introduce the 'one-particle' Hamiltonian in L^(Aj^). On C^{Ai) consider the operator: 

Fl(6,l^) := ^(-iV-6a)2 + yH, 6 G R. (1.5) 

It is well-known (see e.g. [14, Prop. 2.1]) that P-a.s. on 17, V5 G R, (jl.Sp defines a family of 
self-adjoint and bounded below operators for any L G (0, oo), denoted again by HL{b,uj), with 
domain D{HL{b,uj)) = T-[1{Al) {^'H'^{Kl). Obviously this definition corresponds to choose 
Dirichlet boundary conditions on dK^. Moreover HL{b,uj) has purely discrete spectrum; we 
denote the set of eigenvalues (counting multiplicities and in increasing order) by {e^^^ {h, ^)}j>i • 
Besides by j6l Prop. 2.2], P-a.s. on {Hiib, w), 6 G C} is a type (A)-entire family of operators. 
When L = oo, define on C(J°(R^) the operator: 

H^{b,oj) ■.= ^{-iV -baf + V^'^\ 6gR. (1.6) 

Then P-a.s. on 0,, V6 G R, H^(b,u}) is essentially self-adjoint and its self-adjoint extension 
is bounded below, see |23t Thm. B.13.4]. Furthermore Hao{b,Lo) is a family of M^-ergodic 
self-adjoint operators. This comes from the measurability of the mapping w G i— > H^{b,u}), 
see |19[ Coro. 3], associated to the assumption (E) which leads to the covariance relation 
T]ifiHao{b,uj)T^]i^b = Hooib,T]iUj), Vk G R^. Here {?k,fe}kG]R3 stands for the family of the usual 
real magnetic translations, see (j5.6p . We denote by S the P-a.s. spectrum of Hac{0,u), [21]. 



Our analysis is based on the fact that due to assumption (R), the variational principle and 
the diamagnetic inequality [23], imply: 



V6 E M, mia{HLib,uj)) > inf f7(//oo(6, w)) > Eq, Eq := inf S, (1.7) 

as soon as the corresponding self-adjoint operators are well-defined. 

Let us recall the basic points of the grand-canonical formalism of the quantum statistical 
mechanics. Let /3 := (kBT)^^ > be the 'inverse' temperature {ks is the Boltzmann constant). 
Define the domains = V^{Eq), e = ±1, by: 

P_i := C\ [e^-^o,+oo), P+i := C\ (-oo,-e''^o], (l^g) 

In the following the parameter e = — 1 refers to the bosonic case, e = +1 to the fermionic case. 
For f3 > 0, b € M. and z gV^ HM*^, the finite- volume pressure and density are defined as [Il[2]: 

Pt\P,b,z,e) := ^TY^.(^^)ln(I + 6ze-/^^-('''-)) = ^ ln(l + e.e'^^ (^'^)), (L9) 
py\/3,b,z,e) := /3z^^{l3,b,z,e) = -—Y ^ . (LIO) 
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The relations (|1.9p - ()1.10p are well-defined since P-a.s. on V6 G M, the semigroup {e P^L{b,u}) ^ 
0} is trace class, see [H Eq. (2.12)]. Moreover from [6l Thm. 1.1], then P-a.s. on Q., 'ij3 > 0, 

pj^^ (/3, • , • , e) is an analytic function in (z, 6) E x M. This allows us to define the finite- volume 
magnetization and orbital susceptibility at /3 > 0, 6 G M and z E n M!j_ as [H EJ S]: 

A'l^(/3,6,z,e):=(^^j ^^(/3,6,z,6) n=l,2. (1.11) 

Hereafter we will sometimes use the notation xj^Q^f], b, z, e) = Pl{P, b, z, e). 

We now want to formulate our main results. We first introduce some notations. 
By ^ Thm. B.7.2], P-a.s. on V6 € R and G C\[£;o, oo), i?oo(&, w, := {Hoo{b,uj)-C)'^ 
has an integral kernel i2^^(- , • ; 6, cj, ^) jointly continuous on M.^\Doo, where D^o '■= {(x,y) G 
: X = y}. Under the same conditions, let Tj^oo{b, w, ^), j = 1, 2, be the operators on L^(M'^) 
defined via their integral kernel: 

ri,oo(x,y;6,aj,0 :=a(x-y) • (iVx + 6a(x))i?W(x, y; 6, C), (1.12) 

r2,oo(x,y;6,a;,e) := ^a2(x-y)i?W(x,y;6,c^,e), (x, y) G \ Z?oo. (1.13) 

Let /3 > 0, 6 G M, 2; G Pe, and K ClT)^he a compact set containing z. Let Tk be the positively 
oriented contour around [£^07 00) defined in (j4.ip . Introduce the following operators on L^(R^): 

ct\{^Az,e):=^ f def.(/3,z;Oi2oo(^u;,0, (1.14) 
27r Jr^ 

£j^\(/3,6,z,e) :=--^ / dUe(/5,^;0^oo(6,a;,e)Ti,oo(^c^,0, (1-15) 

ct\{^Az,e):=- [ dCUW,z;C)Roo{b,uj,0{{Ti,oo{b,oj,Of -T2,oo{b,0J,C)), (1.16) 
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where f^{j3,z;-) := ln(l + eze ^'). We will prove that generically these operators admit a 

jointly continuous integral kernel on denoted by >C^i'n(- , ■ ',/3,b,z,e), and are locally trace 
class. 

Our results concerning the pressure and the magnetization are the following: 
Theorem 1.1. Suppose (E) and (R). Then: 

i) P-a.s. on Q, V6 E M, VO < /3i < /32 and for any compact subset K ofD^, the thermodynamic 
limit of the pressure and magnetization exist. These limits are non-random, and: 

X^^ni/3Az,e):= lim X^^lif3,b,z,e)=(^) [£Hjo, 0; /3, 6, z, e)] n = 0,l, (1.17) 

uniformly in {P,z) € [/3i,/92] x K. 

a) F-a.s. on 0, Vfe G M and V/3 > 0, Poo (/?,&,-, e) := f E[/:5^Jo(0, 0; /3, 6, • , e)] is an analytic 
function on T>^. Moreover, VO < /3i < (32 and for any compact subset K ofT>^, one has: 

( ^ BP 
Pooil3,b,z,e) := lim p^^\l3,b, z,e) = Pz^{^,b, z,e), (1.18) 

uniformly in {f3,z) G [/3i,/32] x K. 

Ill) P-a.s. on n, ^13 > 0, Vz e V„ P^{(3, ■,z,e)e C^R), and ^oo,i(/3, b, z, e) = (f )^(/3, b, z, e) 

For the zero-field orbital susceptibility, we have: 
Theorem 1.2. Suppose also (E) and (R). Then: 

i) P-a.s. on Vt, VO < /3i < and for any compact subset K ofT)^, the thermodynamic limit 
of the zero-field orbital susceptibility exists. The limit is non-random and it is given by: 

A'oo,2(/3,0,z,e) := lim xi'l{P,{),z,e) = [^(^^^(O, 0; /3, 0, z, e)] , (1.19) 

L-->oo ' \^C J p 

uniformly in {(3,z) € [/3i,/32] x K. 

a) Let a G [0,^). Then f-a.s. onQ., V/3 > and^z E T>^, Pao{(3, ■ , z,e) is a C"^ -function near 
b = 0, and ^oo,2(/3, 0, z, e) = {if9^{(3, 0, z, e). 

Remark 1.3. i) Theorems 11.11 and 11.21 define the pressure, the magnetization and the sus- 
ceptibility of the system, although the corresponding physical quantities, strictly speaking, 
require the strict positivity of the fugacity z. 

ii) By using simple arguments, Poc{(3, —b, z, e) = Poc{(3, b, z, e) = Pooi(3, b, z, e). Then Theo- 
rem [TTT]iM) implies that P-a.s., V/3 > 0, Vz G P^, Xoo,i{(3,0, z,e) = 0. 

1.3. Discussions and examples. Let us comment (Rl). Our approach is based on the 
representation of the finite-volume pressure by using the Dunford-Schwartz integral formula, 
see Section 4. However this requires the use of bounded below Schrodinger operators, see 
Sect. VII. 9]. As we allow realizations of V^'^'^ to be negative with local singularities, this 

condition is fulfilled if P-a.s. ^/'^^ € ^uioc(IR^) with p > |, see [23l Eq. (A21)]. The additional 
condition p > 3 will appear when estimating the derivative of the infinite- volume resolvent's 
integral kernel in ()1.12p . see the proof of Lemma 12.41 ii). Notice that (Rl) does not cover 

Coulomb-type singularities and implies that V^'^'^ roughly behaves locally like Odxl^^^^*^)), 
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e > 0. Finally we mention that under the conditions on V-^ given in Section 1.2, there exists 
a w-independent constant C > s.t. P-a.s. on J], [17j: 

||V^/"^IUuioc<C. (1.20) 

Let us discuss (jl.3p . Unlike vj'^\ we allow 1^^'^'' to have a polynomial growth at infinity. 

Notice that ¥2^^ is not supposed to be monotone; indeed in that case the operator Hoa{b,u}) 
may have only discrete spectrum, and then the problem becomes irrelevant. On the contrary, 
¥2^^ is basically of sparse barrier potential type, so that the corresponding operator has [Eq, 00) 
in its spectrum and with a non-trivial spectral type. By considering an arbitrary polynomial 
growth: |x|", a > 0, the condition (n + l)a < 1 with n = 1,2 will appear when proving the 
existence of the thermodynamic limits (I1.17p - ()1.19p . see Proposition [621 However the relations 
given in Theorems 11.11 iii) and 11.21 ii) require the additional condition (n + 2)a < 1. Notice 
that if we only are interested in the case of the pressure or density, the assumption (R) can 
be relaxed to the ones ensuring the validity of the Pastur-Shubin formula for the integrated 
density of states, see pU Sect. 2] and the method in [H Sect. 3.4]. 

Let us discuss the assumption (E). Since the proof of Theorems 11.11 i) and 11.21 i) is based 
on the Birkhoff-Khintchine theorem in [21, Prop. 1.13], the use of R^-ergodic random field is 
crucial. Nevertheless we can replace the assumption (E) with: 

(E') is a Z^-ergodic random field, 
since this reduces to a M^-ergodic random field with the suspension technique, see [21j . 

We now give physically relevant examples covered by the assumptions (E)-(R) or (E')-(R). 

0. The non-negative Poisson random field. 

In (jl.2p set vj'^^ = and choose for V^^^^^ the random field with realizations given by: 

V^^\^)= I /^i")(dy)^x(y-x) xeM^, ^Gf], 

where /^^'^'' denotes the random Poisson measure on with parameter A > and n(- ) : 
[0,00) is the single-site potential, see e.g. [211 HI- By assuming that u is compactly 
supported and u E L°°(]R^), then (E) is satisfied as well as (R2), since we have P-a.s., Vx G M^, 
< Vp\-^) < c(a;)ln(l + jxj), see Lem. 2.2]. 

1. The alloy-type random field (the so-called 'Anderson potential'). 

In (II. 2p set 1^2^^^ = and choose for V^^^ the random field with realizations given by: 

yj^)(x) = g ^ Aj(cj)n(x -Xj) xeM^a;e^^, 5 € M. 

Here {Ajjjg^a is a family of i.i.d. random variables with a common distribution what ensures 
(E'), see e.g. [2ll [18]. Besides we suppose that Vj € Z'^, !Aj(a;)| < 1 and u satisfies the 
Birman-Solomyak condition: ^jg^3(/^^Q^ dx [u(x)[p)p < 00, p > 3, where Ai(j) denotes the 
unit cube centered on site j. Then vj^^ E L^[^^(M^) with p > 3, and we have (see also [22]): 

A'oo,n(/3,^^,6) = (-) ^1," I / dxE[/:Hjx,x;/3,6,z,e)] n = 0,l,2. (1.21) 

2. Further models. 
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The periodic case. Set V2 = 0. We assume that Vi G L^j^^(M^),p > 3 and Z^-periodic. The 
suspension method can be apphed to this case leading to define from Vi, a M^-ergodic random 
field V}'^\ So (fmH holds true but in that case, E[ct]n{- ,-;P,b,z, e)] = ct]n{- ,-;/?, -z, e), 
see also [6l[22]. The random displacements model on (see e.g. |18j ) or the quasi-periodic 
case (see e.g. [2T1 [T7]) are also covered by our results. 

1.4. The content. In Section 2 we investigate the P-a.s. analyticity (in the Hilbert-Schmidt 
topology) of the finite-volume resolvent and the analyticity of its integral kernel w.r.t. b. 

In Section 3 we apply the gauge invariant magnetic perturbation theory (see e.g. |1H I20j) 
to the finite-volume perturbed resolvent. This allows us to get an expression of the partial 
derivatives w.r.t. b of its integral kernel by keeping a good control over the linear growth of the 
magnetic vector potential. Although taking the resolvent as 'central object' leads to further 
technical difficulties, but it allows us to get more powerful results. 

In Section 4 we formulate the finite- volume quantities by using the expressions of the deriva- 
tives w.r.t. b of the kernel of the finite-volume resolvent obtained in the previous section. 

In Section 5 we investigate the main properties on the infinite-volume operators involved 
in the thermodynamic limits. Note that here the gauge invariant perturbation theory gives 
M^-stationary quantities, see (1.1). This is necessary to apply the limit ergodic theorem. 

In Section 6 we prove the almost-sure non-random thermodynamic limits by the Birkhoff- 
Khintchine theorem and we investigate the bulk properties. This section also contains the 
proof of Theorems 11.11 and 11.21 



2. Regularity of the finite-volume resolvent in the 6-parameter 

2.1. Analyticity in the Hilbert-Schmidt topology. Hereafter we will denote respectively 
by II • IIjj, II • 11^2 and || • ||, the trace norm in Ji(L^(A/,)), the Hilbert-Schmidt (H-S) norm in 
J2(-^^^(Al)), and the operator norm in *B(L^(Ai)). 

Prom [BJ Prop. 3.1], P-a.s., V60 € M, VO < L < 00 and € C\[-Eo) 00), there exists a complex 
neighborhood Vg^L(6o) of 60 s.t. the operator-valued function V^^L{bo) B b 1-^ RL{b,uj,^) := 
{Hi{h,oj) — ^)~^ is analytic in the H-S topology. We now precise this result. 

Consider the following operators on L'^{Al): 

Si,L{bo,uJ,0 :=a-(iV + 6oa)i?L(6o,w,e), S2,L{bo,^,0 ■= ^a^RL{bo,oj,0- (2-1) 

Again from [6, Sect. 2], P-a.s., V60 G K, VO < L < 00 and V.^ G C \ [Eq, 00), they are bounded 
and, denote by d(^) := dist(^, [£"0, 00)), then there exists a constant c > s.t.: 

\\Si,L{bo,uj,m<c{l + ^){l + \m and \\S2,L{bo,u:,0\\ < (2.2) 

For all integer k > 1, introduce the following family of H-S operators on L^(Ai): 

k 

Jk,Lmbo, uj,0 ■■= RL{bo,uj,C) H 5,„,L(6o,a;,e), i = {k, • • • G {l,2}^ (2.3) 

m=l 

and for n > k > 1, the characteristic function : 

^n/jN / 1 if ^1 \-ik=n 

Ak \ ) • I Q otherwise. 



Proposition 2.1. ¥-a.s. on V6o € VO < L < oo and G C \ [Eq, oo), then there exists 
a complex neighborhood V^,l(6o) of bo s.t. in the H-S operators sense: 

/I I, ^ 71 ^)71 TD 

V6GV5,i(6o), RL{b,u:,0=RL{bo,^,i)+Y. g^n'' (^O' 0, (2-4) 

n=l 

where for n>l: 

^{bo,u:,i):=n\j2{-lf X^(i) Jfc,L(i)(6o, ^, 6- (2-5) 

A:=l ie{l,2}'= 

Proof. Let ^ G C \ [Eq, oo), < L < oo and (6, 6o) G C x M. Set: 

5l(6,6o,w,0 :=<)'6 5ix(6o,^,0 + W52,L(6o,^,e), <5&:=6-6o. (2.6) 
From the n-th iterated second resolvent equation, one has: 

p n -1 

RUb, u, = RL{bo,oo, ('^^(^' ^0' ^))' +{-'^r^'RL{b, CO, (Sl(6, 6o, ^, OT^'- 

L fc=i -I 
Then by (j2.6p . one gets after some rearranging: 

i?i(6, u, = RL{bo,oo, + E W E(-l)' E xf (i)^^L(i)(6o, uj, + 5„+i,l(6, 6o, u;, 0, 

fc=l (=1 ie{l,2}' 

(2.7) 

f n—l n 

With: 5„+i,l(6,6o,c^,0:=W+' EWE(-l)' E xf+"+Hi)-/i,L(i)(&o, cu, 0+ 

fc=0 Z=l ie{l,2}' 

n+1 n+1 >. 

fc=0 ie{l,2}"+i m=l ^ 

By using the analyticity properties of the resolvent in the H-S topology given above, the 
proposition follows from (j2.7p and (|2.8p . ■ 

2.2. Regularity of the integral kernel. We know from [231 Thm. B.7.2] that P-a.s., V6 G M, 
VL G (0,oo], V?7 > and G C, d(^) > rj, RL{b,u},^) has an integral kernel Ri\- , • ;6,a;,^) 
jointly continuous on A| \ Dl, Dl '■= {(x, y) G : x = y}. Moreover P-a.s., Vr/ > there 
exists a constant 7 = 7(77) > and a polynomial p{- ) s.t. V6 G M, VL G (0, 00] and G C, 

dio > V- 

V(x,y) G Ai\I?L, |4^\x,y;6,^,OI < HOl ^ f ^^^^ 75 := (2.9) 

Notice that 7^ can be more explicit w.r.t. the energy parameter. The one given in (j2.9p . valid 
for ^ G C, d{(,) > 7? > 0, contains the ^-dependence we need in the whole of this work. 

Remark 2.2. Consequently the product nj!i^i?2.(^, ^;), m > 2 has an integral kernel jointly 
continuous on A|^, and moreover, P-a.s., Vr/ > 0, there exists a constant 7 = 7(7/, m) > and 
a polynomial p{- ) s.t. V6 G M, VL G (0, 00] and V^/ G C, / = 1, . . . , m, (i(^;) > r?: 

V(x,y)GAi, |(nl^,i?i(6,..,e/))(x,y)|<(nl^,|p(ez)|)e-^^l--y|, 7? := (2.10) 



This follows by induction on m from the case of m = 2 with: 

[ur=Mb, u;, ^i)) (x, y) = ^ dz (uZ^'Riib, u;, ^i)) (x, z)4'^ (^^ y. 5^ ^^). 

When m = 2 the continuity property holds true since the kernel Ri\- ,-;b,uj,^) fulfills the 
assumptions of Lemma 17.11 Furthermore from (j2.9p and ()7.12p , we get (j2.10p . 

From Proposition 12.11 together with these results, we now prove: 

Proposition 2.3. F-a.s. on V60 G M, VO < L < 00, V?? > and € C, d{^) > t], then 

there exists a complex neighborhood u^^l^^j (bo) ofbo s.t. V(x,y) € K\\Dl, h 1— )■ i?^^^(x, y; 6, cj, 
is an analytic function on i^^^L,Lu{bo) ■ 

An important point for the proof of Proposition 12.31 is the following estimate. We choose to 
give its proof in the appendix of the paper, see Section 7. 

Lemma 2.4. i) F-a.s. on Q, V6 € M, VL e (0,oo], V?? > and € C, d(0 > r], then 
(iVx + 6a(x))i?i(6, tj, ^) has an integral kernel jointly continuous on \ D^. 
ii) ¥-a.s. on Q, Mr] > 0, there exists a constant 7 = j{r]) > and a polynomial p{-) s.t. 
VL € (0, 00], V6 G M, G C, d{C) > t], one has on K\ \ Dl: 

|(fVx + 6a(x))4^)(x,y;6,u;,OI < (1 + \b\f\pma + 1x1" + IyD^^^, 7? := 

|x-y|^ 1 + 141 

(2.11) 

Proof of Proposition [273[ Under the conditions of the proposition, from (j2.9p and Lemma 12.41 
the operators in ()2.ip have an integral kernel jointly continuous on A^ \ D^, given by: 

51, L(x,y;6o,^^,4) := a(x) • (iVx + 6oa(x))i2^^^ (x, y; 60, 4), 

52, L{^,y;bo,uj,£.) ■■= ^a^(x)i?[^^(x,y;6o,^,4), 

and moreover there exists a constant 7 = 7(7?) > and a polynomial p{- ) s.t. on A^ \ Dl: 

|5,-L(x,y;6o,a;,OI < + i = l,2. (2.12) 

|x y 1 

Then, considering ([23]), P-a.s., V60 G M, VO < L < 00, V?? > and G C, d(0 > r/, the 



operator ^^(5o,w,4), n > 1 has an integral kernel given on A'j^ \Dl by: 



(x,y;6o,u;,0 :=ri!^(-l)'' Xfc (i)-/fc,L(i)(x, y; 60, 0, (2-13) 

fc=l ie{i,2}'= 

where Jk,L{^){' 1 " ;&0)^)C) stands for the integral kernel of the operator in (j2.3p . It reads as: 

Jk,L{i){^,y;bo,u;,0 ■= dzi---/ dzfci?^^^(x,zi;6o,w,0x 

JAl JAl 

X ^^^^^(zi, Z2; 60, a;, 4) • • • 5i^,L(zfc, y; ^0, w, ^). 

Furthermore, from estimates (j2.9p and (j2.12p . by applying /c-times successively Lemma I7.1U ) 
combined with (j7.14p . we obtain that Jk,Li^){' > • i bo,uj,S,) is jointly continuous on A| \ D^. 



By using (j2.9p . (j2.12p with Lemma 17.21 ii). P-a.s., V6o S Vr/ > 0, there exists a constant 
7 = liv) > ^■^d a polynomial p(- ) s.t. VO < L < oo, S C, d{^) > rj and V(x, y) € \ Z)/,: 

-4|x-y| 

|J,,i(i)(x,y;6o,a;,e)| < \p{i)\\l + L^)'' 75 := 

|x-y| + l?l 

This estimate then imply the following rough estimate which holds on \ D^: 



VnGN*, ^ 
n! 



(x,y;6o,w,C) 



56" 



|x-y| 



<c"ip(or(i+^°ri"V^^ — (2.14) 

|x - y| 



for some constant c > 0. So the analyticity property follows from ()2.4p . ()2.14p since for |6 — 6o| 
sufficiently small, the corresponding Taylor expansion converges. Here we use, 

sup / dy- r= — ' ?>0- (2-15) 



xgAz, Jrs |x - y| V ? 



3. A NEW EXPRESSION FOR THE FIRST AND SECOND DERIVATIVES W.R.T. b 

In order to determine the thermodynamic limits, we want to isolate in the expression (|2.13p 
the term giving rise to the growth w.r.t. L when L 00, see (|2.14p . 
Let X, y € A^. Define the magnetic phase (f) as: 

</.(x,y):=^e3-(yAx) = -0(y,x) with eg := (0, 0, 1). (3.1) 

Introduce on L^(Ai) the operators Tj^L{b,Lo,^), j = 1,2 defined via their integral kernel: 

V(x, y) G Ai \ L>L, rix(x, y; 6, := a(x - y) • (fVx + 6a(x))4'^ (x, y; b, u, 0, (3.2) 

T2x(x,y;6,w,0 := ^a2(x - y)4'^(x, y; 6, 0- (3.3) 

Obviously [a(x — y)| < |x — y[, then from (j2.9p and (j2.1ip . P-a.s., V6 € M, V?7 > 0, there exists 
7 = liv) > ^iid a polynomial p{- ) s.t. VO < L < cxo and G C, d{^) > r]: 

|T,-i(x,y;6,L.,e)l < b(OI(l + ^°)^^^^ i = l,2. (3.4) 
Hence Tj^L{b,uj,^), j = 1,2 are bounded operators and 

||T,,l(6,u;,0II < |p(e)l(l + i") i = l,2, (3.5) 
for some polynomial p{- ). For any k E {1,2} and m G {0, 1}, define on A^: 

fc 

7^i(x,y;5,a;,e) :=X^(-1)^' ^(i) / dzi • • • /" dz,- (i</.(z„ y) - i</>(z„ x))™x 

j = l iG{l,2p -^^^ -^^^ 

X ^L^(x,zi;6,a;,^)Tii,L(zi,Z2;6,w,^) • ■ ■Ti^^L{zj,y;b,uj,C). (3.6) 

Here we set O'^ = 1. Notice that for x = y, the terms in the r.h.s. of ()3.6p containing 
the magnetic phase vanish. Clearly P-a.s., V6 € M, VO < L < 00, Vr/ > and € C, 
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d{£,) > r/, T^i^{- ,-;b,uj,^) is jointly continuous on A|. To see that, we apply j-times Lemma 
O considering ^M), (fO]) and fTTS]) . This also gives: 

V(x,y) G Ai, |rfc"i(x,y;6,..,e)| < \p{Of L"^ {I + L")" , k € {1,2}, m € {0,1}, (3.7) 

for some polynomial p{- ). Note also that when x = y, the r.h.s. of (j3.7p behaves like L"'^. 

We now formulate the main result of this section; its proof is given in the next subsections: 

Proposition 3.1. F-a.s. on il, V6 € M, VO < L < oo, Vr? > and € C, d{C) > r], then 
V(x, y) G A| \ Dl and for n = 1, 2; 

(x, y; 6, a;, e) = ^^^^^^R^ (x, y ; 6, ^, + E ^' ^' (3-8) 

fc=i 

3.1. Some preliminary results. Let (h, 6o) € and set 5b := b — b^. Let r/ > and 

^ € C, d(^) > Tj. Litroduce on L^(A/,) the operators RL{b,bQ,uj,^) and Tj^];^{b,bQ,u,S,), j = 1,2 
through their integral kernel which are respectively defined by: 

V(x,y) G Ai\Di, 4^)(x,y;6,6o,^,0 := e^'^'^^-^^y^ Ri\^,y;bo,u;,0, (3.9) 

T,-i(x,y;6,6o,u;,0 := e^'^'^^^^'y^T,- ^(x, y; 6o, u;, 0- (3-10) 

Set also: 

Ti(6,6o,w,C) :=<56fi,i(6,6o,^^,0 + ('^^')'^2,L(6,6o,w,C). (3.11) 

Except a gauge phase factor, the integral kernel of RLib,bQ,uj,S,) and Tj^L{b,bo,i^,S,) is the 
same as the one of RL{bo,u},(,) and Tj^L{bo,i^,S,) respectively. Therefore, P-a.s., y{bQ,b) £ M^, 
VO < L < oo, Vr/ > and G C, d{^) > rj, they are bounded operators with a norm satisfying 
()3.5p . Besides they are eventually H-S operators on L^(Ai), and: 

||i?L(6,6o,u;,Ob2 < IKOI^i \\TjAbM,^,0h2 < |p(e)l(l + i")^^- (3.12) 
Under the same conditions as above, introduce the following bounded operators on L'^(Al): 
fi^Lib,bo,uj,C) := -RLib,bo,u},^)fi^L{b,bo,uj,^), (3.13) 
f2,L{b, bo,u, ■■= Mb, bo,i^, 0{{Ti,L{b, " T2,L{b, bo, oj, o) , (3.14) 

1 

f3,L{b,bo,u;,0 ■■= {6bfY.(^b)'' E xl^Hi)Mb,bo,u^,OTn,L{b,bo,oo,Ofi,,L{b,bo,u^,C)+ 

k=0 ie{l,2}2 

-RL{b,oj,0{fL{b,bo,oj,Of. (3.15) 
Then we prove (see also [4', Lem. 3.2] and [11, proof of Prop. 3.2]): 

Lemma 3.2. P-a.s. on V(6,6o) G M^, VO < L < oo, Vr? > and G C, d{(,) > r], then 
one has in the H-S operators sense: 

2 

RL{b, OJ, = RL{b, bo, OJ, + Y.m'^fkAb, bo,oj, + %,L{b, bo, oj, i). (3.16) 

k=X 
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Proof. From ^ Sect. 2], P-a.s, V6 G M, D := {ip G C^(A^) nC'^{AL),(p\dAL = 0} is a core for 
HiibjU)). Since a(- ) is the symmetric gauge, one has in the form sense on D x D: 

(-iVx - 6a(x))e^'5^'^('''y) = e^'^^'^^'^'y) (-iVx - &oa(x) - dba{^ - y)). (3.17) 

In view of (l3:9D- (l3TT|) and (IXTTH . we get for any {ip,^;) G D x C^{Al)- 

h{^,'4') ■■= {{HL{b,uj) - '^)ip,RL{b,bo,uj,Oi^) = {^,4^) + {'f,fL{bM,^,€)i')- 

By standard arguments, II can be extended in a bounded form on D{HL{b,uj)) x LP'{Kl). Let 
Lf = RL{b,io,^)ip, with G L^(Al). Then the fohowing identity holds in *B(L^(Al)), and 
eventually in the H-S operators sense (see (13.12P ): 

RLib, CO, = Mh, bo, io, - RLib, co, OUib, bo, to, 0- (3-18) 
Now we iterate twice (jS.lSp . in view of ()3.1ip and ()3.13p - ()3.15p the lemma follows. I 

3.2. Proof of Proposition 13.11 Following Lemma |3.2^ and by rewriting (j3.16p in terms of 
corresponding integral kernels, we get on \ Dl: 

2 

^L^(x,y;6,a;,0 = ^L^(x,y; 6,^0,^,0 + '^W'fk,L{^,y;b,bo,u;,^) +'7i,L(x,y;6,6o,a;,0, 

k=l 

(3.19) 

where, for all integer k G {1,2} and for any (x, y) G A|^: 
%,L{^,y;b,bo,u:,0:=Y.(-^y E 4« dzi • • • dz, e^^''(^('''^^)+-+^(^-y)) x 

X Rl\^^ '^i;bo, to, ^)Ti^,L(zi, Z2; bo,u}, ^) ■ ■ ■ Ti^^L{zj,y; bo,u}, 0, (3.20) 

and '73,l(- ,• ;b, bo,uj, ^) stands for the kernel of T^^Lip, 6o, w, 0> see ()3.15p . We now remove the 
6-dependence of the coefficient of {5b)^ in the sum (j3.19p by expanding in Taylor series the 
exponential phase factor in (j3.9p and in (j3.20p up to the second order. Thus on A|^ \ Dl: 

2 2 /.,/ 

Rf{^,y-b,bo,u:,i) + Y,{^bffkA^,TAho,u:,i) = Y,{^bf^^^^ 

k=l fc=0 
2 k 

+ E('^^)' E ■7'r^r(x, y; ^0, ^, i) + r3,L(x, y; b, bo,oo, 0, 

k=l m=l 

where by construction the remainder term 73,l(x, y; • ,bo,u),(^) satisfies the property that its 
first and second derivatives at bo are all zero. It remains to use the definitions (|3.9p - (j3.1ip 
combined with (gS]), (I33D and LemmaO this shows that P-a.s., V(6,6o) G M^^ VO < L < oo, 
Vt? > and G C, d{0 > V, I'73,l(x, y; 6, 6o, ^, 01 = C>{\6b\^) when \6b\ uniformly in 
X, y G A^. Then the proposition follows from Proposition 12.31 ■ 

4. The finite- volume diamagnetic response 

Here, by using the results of Section 3, we want to get a new expression for the magnetization 
and the susceptibility. Recall that by applying [6l Thm 1.1 i)], P-a.s., V/3 > and V6 G M, 
the pressure defined in (11. 9p has an analytic extension in z G I'e (see (jl.Sp ). This analytic 
continuation is defined as the following. 
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Let /3 > and K C he a compact subset. Let Tk be the positively oriented contour 
around the interval [£'0,00) defined by: 

U m > iK, arg(e -iK^ i^) = ±?}- (4.1) 

The constants 'dx > 0, Ek < Eq, ? G (0,7r/2) and > Eq are chosen so that for all 
z K, the closed subset surrounding by Tk is a strict subset of the holomorphic domain of 
the map ^ € C H- fe(/3,z;^) := ln(l + eze~^^), see (Gj Lem. 3.4]. Besides fe{f3,z;-) admits an 
exponentially decreasing estimate on Tk, i.e. there exists a constant c = c{f3,K) > s.t.: 

Vz G ET, G r^, U(3,z;0\ < ce'/^^S. (4.2) 

Let (3 > 0, b G < L < 00, z G V^, K C Ve he a compact neighborhood of z and Tk given 
in (|4.ip . Introduce on L'^{Al): 

C^^\^Az,e):=^ f dCfeW, z;ORLib,u;,C). (4.3) 

Then P-a.s., V/3 > 0, V6 G M, VO < L < 00 and Vz e V,n R, 1^ defines a trace class 
operator on L^(A/,) (see |6i Sect. 3.2]), and via the standard functional calculus we have, 
cf^\f3, b, z, e) = ln(l + eze~^^^^^''^'^). Hence, this allows us to define the finite- volume pressure 
as: 

Pt\^,b,z,e) = -^Tri.(A^)(4")(/3,6,z,6)). (4.4) 

It is shown in |l6l Sect. 3.3] that (14. 4p can be analytically extended to any z G T>^, and on the 
other hand, the definition (14. 4p is independent of the choice of the compact subset K. 

Proposition 4.1. P-a.s. on $7, VO < L < 00, V/3 > 0, V6 G Vz G and for any compact 
subset K ofT>^ s.t. z ^ K , then one has for n = 1, 2; 

(\ ^ fin r'(^) 

!j stT'"''"'^"(^'*'''''*)^ 

Proof Let r/ := min{Eo--E'E', |f } > 0. From ([221) and ([23]), P-a.s., V(6, 60) G M^ VO < L < 00 
and G C, d(0 > r?: 

i?L(6,L.,e) = i?L(&o,a;,e) + E ^^(^0,^,0 + 53,l(^6o,^,0- (4-6) 

k=l 

(j4.6p holds in the bounded operators sense. Under the conditions of Proposition 14.11 and in 
view of (|4.ip . we get from (|4.3p followed by ()4.6p : 

£r(/3,M,e) = E^|i / deU/3,z;0^(6o,a;,6U 
fc=o ■ -^^^ 

/ dCU/3,z;C)S3,L{b,bo,c^,0- (4.7) 



2^ 
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Now from ([22]), ([23]), ([23]) and the estimate ||i?L(6o, w, II < C e T/^, then P-a.s., 

VO < L < oo there exists a polynomial p{-) s.t. V6o € M, G Fj^ and A; = 0,1,2, 

II ^<9fefc^ (^Oi ^1 Oil ^ ^(Ol- Hence from (I4.2p . all the operators in the sum of the r.h.s. of 
()4.7|) are bounded operators. Moreover in view of (12.80 with n = 2, and since 6 G M, the same 
arguments as above applied to the last term of the r.h.s. of (14. 7p . show that this term behaves 
like 0(|56p) in the *B(L^(Ai))-sense. The proposition follows since P-a.s., V/3 > 0, Vz G 
and VO < L < oo, £^''(/3, •, z, e) is an 3i(L^(Ai))-real analytic operator-valued function, see 
[6l proof of Prop. 3.5]. ■ 

We now give the main result of this section: 

Theorem 4.2. P-a.s. on 17, VO < L < oo, V/3 > 0, V6 G M, Vz G and for any compact 
subset K of s.t. z G K, we have for n = 1, 2: 



(4.8) 

y=x 



P^^\l3,b,z,e) = j^^^l^ d^l^l^ def.(/3,z;e)4'^(x,y;6,a;,e)) 

~) Wr\T defe(/3,^;0/ dx j;7;:^'=(x,x;6,.;,e), (4.9) 

where T^i^{- , • ; 6, cj, ^) with k G {1, 2}, m G {0, 1} are given in (j3.6p . 

The above result together with the joint continuity of T^^{- , • ; 6, w, ^ on lead to: 
Corollary 4.3. Under the same conditions as in Theorem we have: 

4';;)(/3,6,z,6) = -(^)^^^ defe(/3,z;e)Trz.2(A,)(i?L(6,u;,OTi,L(6,^,0), (4.10) 

^g(AM,.)^(^)^^^/^deU^,.;C)x 

X Tri2(A^) (^RLib, 0{{TiAb, 0) ' " 7^2,l(6, ^, O) ) , (4.11) 
where Tj^i^{b,uj,^), j = 1,2 are defined via their kernel in (j3.2p and (j3.3p respectively. 



Proof of Theorem \4.S\ Under the conditions of Proposition 14. 1 1 and for a fixed .^o < min{0, Eq} 
and large enough, the first resolvent equation followed by the Cauchy integral formula lead to: 

4") (/3, b,z,e) = ^(^j^ de (e - Co)f.(/3, z; 0^2^(6, u, o) ^l(^ Co)- 

From Remark [2^2] and in view of (jlTT]) . then P-a.s., V6 G M, VO < L < oo and V^ G Tk, the 
operator RL{b,uj,S,)RL{b,uj,S,o) has a jointly continuous kernel. Moreover P-a.s., there exists 
a polynomial p(- ) s.t. V6 G M, V^ G F;^ and V(x,y) G A^, |(i?i(6,t^,^)i?i(6,t^,^o))(x,y)| < 

|p(0|. By using (14. 2p . the joint continuity of the integral kernel of C^^\(3,b, z,e) follows by 
standard arguments. This proves (14. 8p . Let n = 1,2. Clearly as in the proof of Proposition 
14. H we have for any ip G C^{Al) and x G A/,: 

(^^(/3,fe,^,e)^)(x) = ^ ir dy^^(x,y;6,u;,0^(y). (4.12) 
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The estimates ()2.14p . ()2.15p . (|4.2p and standard arguments then imply: 

V(x,y)eAi, ^^(x,y;/3,6,z,e) = ^y^ da.(/3,^;e)^^(x,y;6,a;,0. (4.13) 
Now use (|3.8p . Then from ()4.13p , we have on A| : 

— i-(x,y;/3,6,z,e)=n!^-^ / dae(/3, ^; OT^^i'l^, y; &, ^, 0+ 

^ -'Fk ' (4.14) 

+ (i,^(x,y))"4")(x,y;/3,6,z,6). 

We have already proved that the second term in the r.h.s. of (j4.14p is jointly continuous on A^. 
Besides we know from Section 3 that P-a.s., V5 € M, VO < L < 00, G Tk, T^i^{- , • ; 6, a;, ^), 
A; = 1, 2, m = 0, 1, are jointly continuous on A|^. Moreover we have the bound ()3.7p . Again by 
standard arguments, we conclude that each term in the sum of the r.h.s. of (|4.14p is jointly 
continuous on A^. So we perform the trace in (|4.5p as the integral on Ax, of the diagonal part 
of the integral kernel (I4.14p . This together with (/)(x,x) = imply (14. 9p . ■ 

Remark 4.4. Due to (j2.5p . (j4.5p can be extended for any integer n > 3 to define the gener- 
alized susceptibilities at finite volume, see [3llH|5]. If n = 3: 

^ defe(/3,z;e)|^ dx^}:;)(x,x;6,0 + ^ dx^g(x,x;6,o}, (4.15) 



^(^)(/3,6,z,6):=(^) ^^(/3,6,z,e 



^ e 3i 



cj /3|Al| vr 



where: Z^l"^!^ (x, y ; 6, ^ : = 



i?x(6, (Ti,x(6, a;, Or2,L(6, a;, + r2,x(6, u;, i)T^,L{b, cv, - (ri,L(6, 00, Of) ) (x, y), 

(x,y;6,0:= / dzi / dz2 / dzs (i((/)(x, zi) + (/)(zi, Z2) + (/>(z2, y))) x 
Jat, Jat, Jat, 



-^L ^ (x, zi ; b, uj, ^)Ti,l(zi , Z2; 6, ^)ri,L(z2, y; b, uj, ^). (4.16) 

Due to (j2.9p . (|3.4p and the estimate |0(x,zi) + 0(zi,Z2) + (/>(z2,x)| < |x — zi||zi — Z2I (see 
(|3T]) ). P-a.s., V6 e M, VO < L < 00, G Fx, the integral kernels ^/H(- , • ; 6, 0, j = 1, 2 are 



well-defined on A^ and eventually jointly continuous. 

5. The bulk operators 

5.1. Preliminaries. In the following we denote by Pi{b) := P(5) • e^, / = 1,2 where P{b) := 
(iVx + 6a(x)), ei := (1, 0, 0) and e2 := (0, 1, 0). 

Lemma 5.1. P-a.s. on n, V6 € M, Vr/ > 0, € C, d{^) > rj, then Pk{b)Roo{b,oJ,i)Pi{b), 
k,l = 1,2 are bounded operators and there exists a polynomial p{- ) independent of (w, b) s.t.: 

\\Pk{b)Roo{b,uj,i)Pi{b)\\ < \p{0\. (5.1) 
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Proof. By using (jl.20p . the analysis of [23^ Sect. A2] and the diamagnetic inequality, we know 
that for any e > 0, then if ^ < i?o s^nd large enough, P-a.s., V6 G M: 

This implies that Ve > 0, there exists a{e) independent of uj and b s.t. Vip S D{Hac{b,uj)): 

i^Avl'^'^lv) < ^\(.V,H^{b,uj)^)\ + a{e)Ml (5.2) 

Besides P-a.s., V6 G M, D{H^{b,uj)) C {(/) £ L^iR^) : (iV + 6a)(^ e (L2(m3))3^ (V^i"'^)^'/' G 
L^(R^)}, see [231 Sect. B13]. Under these conditions we conclude the following. From (|5.2p . 
for any ip £ D{Hoo{b,uj)): 

\\\Pk{bMl < (1 + ^MV, {Hoc{b,uj) - Ov) + ((1 + e)\m + amHl (5-3) 

Choose if = i?oo(fe,w,0^ with ^ G L2(m3)^ = 1 and ^ G C, > ^, then ([53]) shows 

that there exists a constant ci > independent of uj and 6 s.t.: 

\\Pk{b)R^{b,u,0i^\\2 < ci(l + lel)'/^ (5.4) 

Therefore Pk{b)Roo {b, w, ^) is a bounded operator and ||Pfe(^)^oo(6,^^,OII < ci(l + |^|)^/^. Now 
choose if = Roo{b,uj,^)Pk{b)'ip with ip G D{Hoo{b,uj)), \\ip\\2 = 1, and ^ G C, d{^) > r], then 
(j5.3p and ()5.4p imply that there exists a constant C2 > independent of (t^,6) s.t.: 

\\Pk{b)Ro.(.b,u;,0Pkmf2 < C2{\\Pk(.b)Roo{b,io,OPk{bM2 + (1 + iCl)')- (5-5) 

Hence Pk{b)Rcx,{b,uj,^)Pk{b) is bounded and ||Pfc(6)i?oo(fe, w,^)Pfc(6)|| < 02(1 + j^|) for another 
constant c'2 > independent of {uj,b). Let ip = Roo{b,uj,^)Pi{b)^, with G D{Hoo{b,uj)), 
11^/^112 = 1, then ()5.3p - ()5.5p together imply: 

||Pfc(6)i2oo(fe,c^,6^zWV'll2 < C2i\\Piib)Roo{b,u;,0Piibm2 + (1 + ICI)')- 

Again Pk{b)Roc{b,uj,()Pi{b),k / / is bounded and \\Pk{b)Roo{b,uj,()Pi{b)\\ < 03(1 + 1^1) for 
some constant C3 > independent of (a;,6). ■ 

Let {Tk fclkgKS be the family of the usual real magnetic translations defined as the following. 
Let (j) be the phase defined as in (|3.ip . and: 

VkGM^ (Tk,feV)(x) :=e**<^(''''^V(x-k) e L\R^). (5.6) 

Lemma 5.2. F-a.s. on n, V6 G M, Vr/ > and G C, (i(^) > 77, then for j = 1, 2: 

i) Tj^c>oib,u},£,) is a bounded operator and there exists a polynomial p{-) independent of {uj,b) 
s.t: ' 

\\Tj^ooib,oj,m < IPiOl (5.7) 

ii) Tj^oo(b, w, ^) satisfies the covariance relation: 

VkGIR^ Tk,6T,-oo(&,^,e)T-k,fe = Tj-oo(6,rkW,0- (5-8) 
Here Tj^c>o{b,uj,S^), j = 1,2 are defined via their integral kernel in (jl.l2p . ()1.13p respectively. 

Proof. Let us consider the operator Ti^c>oib,uj,^). In view of its integral kernel (|1.12p . the 
definition of the symmetric gauge and under the conditions of Lemma [5.2l we have on M.^\Dao: 

7'i,oo(x,y;6,a;,^) = ^(«Vx + Mx)) • {-{x2 - ^2)61 + {xi ~ yi)e2)i?^)(x, y; 6, w, ^). 
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By using the same arguments as the ones in the proof of [71 Prop. 3.2], we get: 

Ti^ocib,oj,0 = '-(^Pi{b)Roo{b,uj,0P2{b) - P2{b)Ro.{b,uj,0Pi{b)^R^ib,uj,0, (5.9) 
which is vahd in the form sense on 

C^(M3) X C^(M3). By Lemma EH P-a.s., V5 G M, Vt? > 0, 
G C, d{^) > 7], the r.h.s of ()5.9p defines a bounded operator on L^(R'^). So this holds for 
the operator Ti^ooip^uj^^^). The same arguments can be apphed to the operator T2^oo(^, ^), 
but from the equahty vahd in the form sense on L^(M'^): 

r2,oo(^u;,0 = -\[R^{b,oo,i)Pi{b)RUb.oj,i)Pi{h)+ 

+ Ro,{b, 00, 0P2{b)Roo{b, oj, 0P2{b) - Ro.{b, u, 0^ Ro.{b, co, 0- (5.10) 

This proves i). Let us show ii). The measurabihty of w i-^ Hoo{b,uj) combined with the 
assumption (E) lead to the covariance relation: 

VkGR3^ Tk,6i2oo(6,w,6T-k,6 = i?oo(^rka;,0. (5.11) 

This implies the following identity on \ : 

Vk G R\ i?W (x - k, y - k; b, oj, ^)e~''<i>(y'^^ = e~""^^^'''^ Pg^ (x, y; b, t^lo, 0, 

and from (l3l7D . e-^^«^('''^)a(x - y)(iVx + 6a(x)) = a(x - y)(iVx + 6a(x - k))e-^^<^(^''') . Then 
(jS.Sp follows from these two relations together with ()1.12p - ()1.13|) . ■ 

We now use these results to investigate the P-a.s. properties of the operators involved in 
the definition (ll.lSh and (I1.16p . Introduce the notation: 

ljib,u;,0 := Rooib,io,OTj,ooib,u;,C) j G {1,2}, (5.12) 

l3{b,Lo,0 :=Roo{b,io,OTl^{b,io,0, (5.13) 

and also set: 

Io{b,io,0=Mb,io,tCo) :=Roo{b,io,ORL{b,io,Co), (5.14) 
for a fixed < min{0,£'o} (see (jl.7p ) and large enough. Notice that from Lemma 15.21 P-a.s., 
V6 G M, V?7 > and G C, d(^) > rj, these operators are bounded on L'^(M'^). Below we 
denote by xu the characteristic function of a given [/ C M^. 

Proposition 5.3. P-a.s. on Q, V6 G M, V?? > 0, G C, d{^) > r], one has for j = 0, 1, 2, 3." 

i) For any open and bounded set U C M^, xu'^j{b,uj,^)xu is trace class on L^(M^) and 

\\xulj{b,uj,0xuhi < \p{0\^ 

for some polynomial p{-). 

ii) Zj{b,uj,^) has an integral kernel Xj{- ^b^uj,^,) jointly continuous on M^, and moreover 
there exists a polynomial p{- ) independent of {uj,b) s.t.: 

V(x,y)GM^ |Z,(x,y;6,a;,e)j < |p(e)l- (5.15) 

iii) (a;,x) i— )• Xj(x, x; 6, w, ^) is a W^-ergodic random field with a finite expectation: 

VxGM^ E[|2"j(x,x;6,a;,0|] < oo. (5.16) 
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Proof. From ()2.9p and ()2.1ip . P-a.s., V6 € M, Vr/ > there exists 7 = 7(77) > and a polynomial 
p(- ) s.t. VL G (0, 00] and G C, > ry, on \ Dl: 

\R^l\^,y;b,uj,0\,\T2,L{^,T,b,oo,0\ < (5-17) 

1^ y I 

|ri,L(x,y;6,a;,OI < + + lyD^^^^. (5.18) 



Then we have the following estimates |16] : 

\\xuR(yo{b,uj,0\b2A\xuTi,^{b,uj,0h2^ \\xuT2,oo{b,uj,^)\\32 < \p{0\, 
for some polynomial p{- ). Besides we have ()5.7p . By standard operator estimates, i) follows. 
Let us show ii). From ()5.17p . ()5.18p and Lemma [7.11 ii). the integral kernels of Zj{b,uj,^), 
j = 0, 1, 2 are jointly continuous on M^. This also holds for Z3(- , • ; 6, w, ^) from the identity: 

Z3(x,y;6,a;,^) = / dzXi(x, z; 6, w, ^)ri,oo (z, y; f*, ^, 0> 
followed by Lemma |7. II u) together with (|5.17p and the rough estimate: 

V(x,y) GM^^ |Xi(x,y;6,^,OI < + + lyD, 

for some polynomial p(- ). We now prove (|5.15p . Although the case of j = is straightforward, 
the method given below covers all cases j = 0, 1, 2, 3. Let ,^0 < min{0, Eq}. We firstly show: 

lj{b,uj,0 = Roo{b,oj,Co)Aj{b,Lo,ORo.{b,uj,^o), (5.19) 

where Aj{b,uj,S,) consists of a finite linear combination of operator products of type: 

{^-^orRL{b,io,0{Pk{b)Ro.{b,uj,OPl{b)yRUb,uj,0 r + s + t>l, (5.20) 

where the exponents q,r,t G {0, 1, 2}, s G {0, 1}, k, I G {1, 2} depend on j. Notice that Lemma 
15.11 implies that P-a.s., Vr/ > there exists a w-independent polynomial p{- ) s.t. V6 G M and 

ve G c, d{o > V- 

\\A,{b,u,m < \piO\- (5.21) 
Obviously (|5.19p holds for j = 0. If j = 1, 2, we use once the first resolvent equation for the 
resolvent appearing in (|5.12p : 

Ij{b,uj,C) = Rooib,uj,Co)Tj^ooib,uj,0 + (C - ^o)Roo{b,uj,^o)Ij{b,uj,^). 

Then we use ()5.9p - (|5.10p . and again the first resolvent equation for the last resolvent in the 
expression ()5.9p - ()5.10p . This leads to ()5.19p by a straightforward calculation. For j = 3, 
we use twice the identity (j5.9p in (j5.13p and we repeat the same procedure as above. This 
proves ([539]) . Furthermore from (fOO]) . p3l Sect.A2] together with P Eq. (2.40)], then P-a.s., 
V^o < min{0,£'o} and large enough, there exists a w-independent constant c > s.t. V6 G M: 

\\Roo{b,UJ,Co)\\l^2 = \\Roo{b,UJ,Co)\\2,oo < C, 

where || • \\p^q denotes the norm for operator from L*'(M^) to L'^(R^), 1 < p, g < 00. Further, 
let i?(6, w,^) be a bounded operator on L^(]R^). Then for any ip,tp £ C^(M'^): 

i(v?,i?oo(6,w,eo)5(&,^,e)^oo(fo,w,eo)V')i <c2||y'iiiii^iiiii5(&,^,e)ii- 

Suppose that the operator Roo{b,ijj,(^Q)B{b,uj,S,)Roo{b,iLi,S^o) has a jointly continuous integral 
kernel. Then by using a limiting procedure we conclude that: 

V(x,y)GM^ \{Roo{b,u;,Co)B{b,u;,ORooib,co,Co))i^,y)\ < c''\\Bib,u;,0\\- (5.22) 
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Thus by setting B{b,uj,0 = Aj{b,uj,S,), we get (ISJSl) from (l5l^ and (fOT]) . 

Let us prove in). As a result of (jS.lip and ()5.8p . the following covariance relation holds: 

Vk G M^^ rk,,,Zj(6,a;,0T_k,b = 2^(6, Tko;, C). This implies V(x,y) e M^: 

Vk e M^, Z,(x,y;6,Tka;,e) = e^'*(^''^)Z,(x - k,y - k; 6,^,0e-^^*(y''^). 

Then (a;,x) i-^ 2"j(x, x; 6, cj, ^) is well defined and R'^-stationary. (I5.16P follows from the u- 
independent estimate (15.150 . ■ 

We deduce properties of the operators in (II. 140 - 111. 16p from the following. Let as above. 
The first resolvent equation and the Cauchy integral formula imply that P a.s., V/3 > 0, V6 G R, 
G and ViT compact subset of V^, s.t. z £ K: 

ct\{PAz,e) = ^ di{i-io?UP,z-i)Mh,^,i), (5.23) 

and, from (f02]) - (fCT]l . 

6^\{PAz,e) = -^ f defe(/3,^;e)Xi (6,^,0, (5.24) 
27r 

71" JFk ^ ' 

Then Proposition 15.31 together with the estimate (j4.2p imply: 

Corollary 5.4. P-a.s. on 17, V/3 > 0, V& G R, Vz G Z'e and /or any compact subset K ofD^ 
s.t. z G K , one has for n = 0, 1, 2: 

i) For all open and bounded set U C R^, xuJ~-oo]n{P,b, z, e)xu is trace class on L^(R^). 

ii) C^]n{f!^, b, z, e) has an integral kernel C^]n{' ] P,b,z, e) jointly continuous on R^. 
Hi) (a;,x) i— )• £^|n(x, x; /3, 6, z, e) is a M.^-ergodic random field with a finite expectation. 

The last two results of this section needed to prove our main theorems are the following. 

Proposition 5.5. P-a.s. on fi, V6 G R and j = 0, 1, 2, 3, then the following maps: 

^) 

? G Ta- ^ j^Tri2(R3)(xAi2;j-(^,^,0XA£), 

is continuous uniformly in L £ (0, oo). 

ii) ^ G Fa- E[Xj(0, 0; 6, w, ^)] is continuous. 

Proof. Let G La: be fixed. Due to Proposition 15. 3^ to prove i) it is sufficient to show that 
P-a.s., V6 G M, there exists a constant c > independent of L s.t. Vx G R'^, G Tk with 
|<5^| := 1'^ — ^i| small enough: 

|Z,-(x,x;6,a;,^) - X,-(x, x; 6, w, ^i)| < c\5i\. (5.25) 

Let J = 0. From (15.140 together with the first resolvent equation, we get for any x G R^: 

Xo(x, x; 5, uj, C) - 2^o(x, x; 6, ^i) = 

- Cl){Roo{b, UJ, Co)Roo{b, LO, ORoo{b, W, ^l)Roo{b, LO, ^o)) (x, x). 
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Since \\ Roo{b uj,£,)Roo{b,uj,£,i)\\ < rj'"^, by apply ing (|5.22p with5(6,w,^) = i2oo(&,w,^)i?oo(^^,6), 
we get ()5.25p . Let j = 1, 2, 3. In view of ()5.19p . we have to estimate: 

I,-(x,x;6,w,^) -2j(x,x;6,a;,^i) = 

(i?oo(6, uj, Co) e) - w, ei))i?oo (b, Co)) (x, x), (5.26) 

where Aj{b,u}, •) consists of a finite hnear combination of operators of type (j5.20p . Choose a 
generic term appearing in {Aj{b,uj,^) — Aj{b,uj,^i)): 

C{b,co,^,^i) := - ^oyR^{b,LO,OPk{b)Roo{b,oj,OPi{b)+ 

- {^1 - ^oyRo.{b,oj,Ci)Pk{b)Ro,{b,oj,^i)Pi{b) q G {0,1,2}. 

By using twice the resolvent equation in the first term of the r.h.s. of this formula, we get: 

c(6,w,c,6) = ((e-6)^-(6-Co)'^)i?oo(fo,a;,ei)PA:(6)i?oo(fo,^,ei)^'iW + (c-ei)(c-eo)'^x 

By (jS.ip and (j5.4p . P-a.s., V6 E M, € Tk sufficiently near there exists c > independent of 
^andLs.t. ||C(6,a;,C,Ci)|| < c|5C|. This also holds for || (6, u;,^) — ^^ (6, c<j,Ci)|| which implies 
(|5.25p from (j5.22p and (|5.26p . Now ii) follows from the continuity of ^ i-7> ^^(x, x; 6, w, C), 
Vx € M'^ together with the cj-independent estimate (]5.15p . I 

Proposition 5.6. ¥-a.s. on $7, € Tk and j = 0, 1, then the following maps: 
^) 

ft e IK ^ j^TrL2(R3)(xAL2:j(6,tJ,0xAi), 

is continuous uniformly in L ^ (0, oo). 

zzj 6 € M I— 7- E[I'j(0, 0; 6, w, c^)] is continuous. 

To prove this result we need the following. Introduce on L^(M^) the operator ^{b,bQ,uj,$) 
through its integral kernel defined on \ as: 

W(x, y; 6, 6o, u;, ■= e'""^^^'y^ Si{^ - y)Rg^ (x, y; 6o, a;, 0- (5.27) 

From (j2.9p . P-a.s., V(6, 6o) S 1^^; G Tk, it is bounded and there exists a polynomial p{- ) 
independent of (6o,6) s.t.: 

\\w{b,bo,uj,m < \p{oi 

Lemma 5.7. F-a.s. on Q, \/{bQ,b) G M^, S Fx, P{b) ■ W(6, 69,0;,^) is bounded and there 
exists a polynomial p{- ) s.t. V6 G M^, \b — 6o| smaZZ enough and G Fii-; 

||P(6)-W(6,6o,c^,OII < H0\- (5.28) 

Proof. Similarly to the proof of Lemma 13.21 then P-a.s. , V(6, 60) G M? and V.^ G Tk, we have 
in the bounded operators sense (see also [11, Prop. 3.2]): 

Roo{b,u},^) = Rooib,bo,uj,£,) - i?oo(&, w, C)Too(6, feo, w, C), (5.29) 

where Roo{b, 60, w,^) is the operator generated by the kernel defined in ()3.9p with L = 00 and: 

Too(6,6o,w,e) :=<56ri,oo(^feo,^,0 + W^2,oo (6, 60,^,0, (5-30) 
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with Tj^^{b, bo, oj, S^) the operator generated by the kernel defined m (|3.1U|) with L = oo. Notice 
that due to (|2.9p . P-a.s., there exists a polynomial p{- ) s.t. V(6, 60) S 1^^; € Tk- 

\\R^{b,bo,m,\\T2,ocib,bo,0\\ < IPiOl (5.31) 
Now we remove the (ci;, ^)-dependence in the notations. From ()5.29p . we have on \ Doo'- 

(P(6) • W(6, 6o))(x, y) = a(x - y) • P(6)i?W (x, y; b) + a(x - y) • P{b){R^{b)f^{b, 6o))(x, y). 

The first term in the r.h.s of this expression is the integral kernel of Ti^ooib) which is bounded, 
and its norm satisfies (j5.7p . We want to study the second term. On \ Doo, we have: 

a(x - y) • P(6)(i?oo {b)f^{b, 6o))(x, y) = / dz a(x - z) • P(6)i?« (x, z; b)f^ (z, y; b, bo)+ 

+ [ dzP(6)i?W(x,z;6)a(z-y)roo(z,y;6,6o), (5.32) 

The first term of the r.h.s. of ([021) is the integral kernel of ri,oo(6)Too(&, 60) = ^{Pi{b)Roc{b)P2{b)- 
P2{b)Rooib)Pi{b))Roo{b)foo{b,bo) which is bounded due to ([SH) and ([OT]) knowing (fOOD . its 
norm is bounded above by a 6- independent quantity. Furthermore in view of (I3.17p . on M^\Doo : 

a(z - y)Too (z, y; b,bo) = e'""f'^^^y^ a{z - y) (56P(6) • a(z - y) + ^a2(z - y)) i?« (z, y; bo) 

= 56P(6)e^'^^<^(^'y)a2(z-y)i2«(z,y;5o)-^(56)'e^'^<^(^'y^ (5.33) 

which is the integral kernel of 255P(6)r2,oo (&, ^0) - {SbfY{b, 60), where Y(5, 60) = Y(6, 60, t^, 
is the operator defined 

Y(x,y;6,6o,a;,e) := ^a2(x - y)W(x, y; 6, 60, 6- (5-34) 

Notice that from (12. 9p and (I5.27p . ||Y(6,6o)W,^)|| < \p{0\ some polynomial p(- ) indepen- 
dent of (6, &o)- Since Y(6, 69) is bounded, then by Lemmas 15.21 and 15.11 the second term of 
the r.h.s. of (j5.32p is the kernel of the bounded operator 6bP{b)Roo{b)(2P{b)T2,oo{b,bo) — 
6bY{b,bo)) and its norm is bounded above by a 5-independent polynomial in ^. ■ 

Proof of Proposition 15.61 Let j = 0. Define Io{b,bo,uj,S^) as in (j5.14p but we replace each 
operator R^{b, .) with R^oib, bo, .). Then from ([5^ and (I^TiD . P-a.s., V(6, bo) G M^ S Fi^: 

'^o{b,uj,0 -^o{bo,uj,0 = io{b,bo,uj,C) -lo{bo,uj,0 - 'j^o{b,bo,uj,0^ 
where iZo{b,bo,uj,S,) is the following bounded operator: 

iRoo{;Co))^Roo{;C)fooi;0 + Rooi;Co)fooi;Co)Roo{;Co)Roo{;C)+ 

+ Roo{;Co)Roo{;Co)fooi;Co)Rooi;0- (5-35) 

Firstly in the kernel sense, for any x € M^: 

Xo(x,x;6,6o,u;,0 -^o(x,x;5o,a.,0 = / dzidz2 {e*'''('^(^'^i)+'^(^^'^^)+^(^^'"» - l}x 

(x,zi; bo,u}, I, Z2; bo, u),(,)R^c^\z2,x; bo, uj, Co). 
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Since \eiSHH^,^i)+'f>i^u^2)+H^2,^)) - i\ < |561|x-zi|lzi -Z2I, then (gj]) implies that P-a.s., there 
exists a polynomial p{- ) s.t. G Tk, Vx G M^, V6 € M with |6 — 6o| small enough: 

|Xo(x,x;6,6o,w,^) - Zo(x, x; 60, a;, ^)| < \5b\\p{^)\. (5.36) 

Let us now estimate Trj;^2(ig3){xA£,72.o(&i ^O) '^j OXA^ }• Consider the following term in (|5.35p : 

By using (fXTO]l . (f3TT]l with L = 00 and (IXTTD . we have on E^: 

(i?oo(&, C)Too{b, bo,uj, C))(x, y) = -{6bf{Roo{b, u, C)^2,oo(&, &o, w, y)+ 

+ 56 / dzi^«(x,z;6,a;,e)(^V, + 6a(z))■a(z-y)e^^^<^(-'y)i^«(z,y;6o,c^,C)■ 

Then 

Roo{b,i^,Of^ib,bo,u;,0 = SbR^{b,Lj,0[F{b) ■W{b,bo,cj,0 - Sbf2,ooib,bo,u;,o), (5.37) 
where W(6, 60,0;,^) is defined in (|5.27p . Hence we have to estimate: 

XAL{Rooib,bo,uj,Co))'^Roo{b,uj,C){P{b) • W(6, 60, a;, ^)xa£ - T2,oo(fe, ^xAi,) ^ • 

In view of (|5.27p and (j2.9p . P-a.s., there exists a polynomial p{- ) s.t. E Tk, V6 G M and 

VL G (0,00): 

~ ~ 3 

||XAi-Roo(6,6o,^,Co)lb2> l|W(6,5o,W,C)XAi,|b2> 11^2,00 (^, feo, ^, OXAi Iba < b(C)l-^^ 2. (5.38) 
Then from (j5.4p and (|5.3ip . P-a.s., there exists another polynomial p{- ) s.t. V.^ G Tk, V6 G M 
with |6 — 6o| small enough and VL G (0, oo): 

|AL|-i|Tri2(K3){xA^ro(6,6o,a;,e)XAj| < m\piO\- (5-39) 
Now consider the operator ri{b,bo,uj,S,) := Roo{-,£.o)Too{-,S,o)Roo{-,£.o)Roo{-,0- From (15.371) : 

n{b, bo,U;, = SbR^{;^o) (P(-) • W(-, Co) - 5feT2,oo(-, Co)) i?oo(-, eo)^oo(-, 6- 

Then by using (j5.28p and the above arguments, we conclude that P-a.s., there exists a poly- 
nomial p{- ) s.t. G Tx, Vfe G M with [6 — fegl small enough and VL G (0, oo): 

|ALri|Tri2(K3){xA^ri(6,6o,u;,OXAj| < l^^'HKOI- (5.40) 

This also holds for the last term of (I5.35P and then |Aj;,|~^|Tr2,2(iR3){xAi^o(^7ftO)'^)C)XAi}I < 
This together with (j5.36p prove i) with j = 0. Let us show ii). From ()5.17p - ()5.18p . 
(j5.30p . ()5.35p and Lemma 17.21 ii). then P-a.s., there exists a polynomial p{-) s.t. V^ G Tk, 
V5 G M with \b — bo\ small enough: 

VxGM^, l7^o(x,x;6,6o,c^,OI < l'5&lb(OI(l + W"). 
This together with (I5.36P imply: 

|Xo(0,0;6,a;,e) -Xo(0,0;6o,t^,OI < I'^&IIKOI- (5-41) 

Then ii) with j = follows from (I5.4ip and the w-independent estimate (I5.15p . 
Let j = 1. Define the function on M^: 

ii{x,x-b,bo,uj,(,) := / dz^^)(x,z;6,6o,a;,C)a(z - x) • (iVz + 6a(z))^W(2^ x; 6, 6o, 0- 

JR3 
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Due to (|5T7D - (l5l^ and P-a.s., V(5, bo) G M^ G T^, it is well-defined since by dXTT]) : 

Xi(x,x;6,6o,u;,0 = / dz i?W(x, z; 60, ^, O^i,oo(z, x; 60, w, 6+ 

+ 256/ dzfl«(x,z;6o,w,672,oo(z,x;6o,u;,0- (5-42) 

From the definition (|5.12p of Zi, we replace the resolvent on the left and the one in Ti^^o (see 
(fTT^ ) with the r.h.s. of (ICTjl . Then Vx G M^: 

Xi(x,x;6,tJ,^) -Xi(x,x;6o,a;,C) = Xi(x, x; 6, 60, ^) - Xi(x, x; 60, ^) + :^i(x, x; 6, 60, 
where •; 6, 60, ^) := so(-, •; &0, + •; ^0, and 

so{-,-;b,bo,uj,^) := {Roo (b, uj, ^) foo{b, bo, uj,()Ti^oo{b,uj,C)) {■,■), (5.43) 

si{;-;b,bo,u;,0 := / dz ««(•, z; 6, 60, c^, e)a(z - •) • P(6) (i?oo(6, t^, 0^oo(^ 60, ^, 0) (z, •)• 

JR3 

(5.44) 

First by ()5.42p . we have for any x G M^: 

Zi(x, x; b, bo,uj, - Xi(x, x; 60, = 2(J6((i?oo {bo,^, 0^2,oo(^o, 0) (x, x). 
Then by ([5TT71) - ([538|) . P-a.s., there exists a polynomial p(- ) s.t. G Fx, V6 G M, Vx G M^: 

|Xi(x,x;6,6o,w,e) -2:i(x,x;6o,^,OI < M\p{0\- (5-45) 
From (j5.37p . (j5.43p is the diagonal part of the integral kernel of the bounded operator: 

soib, bo,u;, := ^«oo(6, (P(^) ' W(6, 60, - <5^T2,oo(6, &o, ^, O) x 

(Pi (6)i?oo (^ u;, 0^2 {b) - P2 (6) Poo (^ io,OPi (b)) Roo {b, • 

By using again the same arguments as above together with (15. ip . (15.281) and (I5.3ip . then P-a.s. 
there exists a polynomial p{- ) s.t. G Tx, V6 G M with |6 — 6o| small enough and VL G (0, 00): 

|Ai|-i|Tr^2(K3){xAiSo(6,6o,a;,6XAj| < |'5fc||p(OI- (5-46) 

Similary to the proof of Lemma [121 Then (f3T7p . ([HIO]) . (1031) and ([OTp . show that (|5:44l) is 
the diagonal part of the integral kernel of the bounded operator : 

Si(6,6o,^,0 = ^^00(6,60, e)(A(fo)Poo(fe,0^'2(fe)-P2(&)Poo(6,OA(fe))Poo(^07'oo(6, 60,0 + 

+ 6bR^ {b, bo,OP{b)Roc {b, (2P(6)T2,oo {b, bo,0 - SbY{b, bo,0) , 

with 'Y(b,bo,0 the operator defined in (I5.34p . Due to ()5.ip . the first term in the above r.h.s. 
can be treated exactly as the operator ro(b,bQ,uj,(^) at the beginning of this proof. For the 

3 

second term, we have ()5.38p and under the same conditions, ||Y(6, 601 OxAl Ib2 — \piO\^^ ■ 
Therefore P-a.s., there exists another polynomial p{- ) s.t. G Tk, V6 G M with |6 — 6o| small 
enough and VL G (0, 00): 

I^Lr"^|TrL2(R3){xAiSi(fe,feo,^,OXAi,}| < \Sb\\p{^)\. 
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Due to (|5.46p . this also holds for |A/^|^-'^|Tr^2(jR3){xA£,^i(fe,feo5'^50XAL}|- This together with 
([OS]) prove i) with j = 1. Now consider ^Mi)-<^3M- From (f5l71) - (f5l^ and Lemma On), 
P-a.s., there exists a polynomial p{- ) s.t. V.^ € Tk, Vfe € M, |6 — 6o| small enough: 

Vx G W", l7^l(x,x;6,6o,c^,OI < + IxD'. 

This together with ()5.45p imply: 

|Xi(0,0;6,a;,e) - Xi(0, 0; 5o, C)| < |<56|b(6l- (5.47) 
Then ii) follows from (|5.47p and the cj-independent estimate (|5.15p . I 

6. Proof of Theorem 11.11 and Theorem 11.21 

In the whole of this section, for any compact subset K of and any /3 G /32] G M, Tk is 
defined for P = 132. We will use rj := minji^o ~ Ek, ^^}- We first give two important results 
proven subsequently. 

Proposition 6.1. i) P-a.s. on Q, V6 G M, VO < /3i < /32, Vif compact subset ofV^, one has: 
hm / dx£Hjx,x;/3,6,z,e) =E[/:(^)„(0,0;/3,6,z,e)] n = 0,l, 

L-^oo \Al\ Jal 

uniformly in (/3, z) G [/3i,/32] x K. 

ii) P-a.s. on Q, VO < /3i < /32, Vif compact subset ofD^, one has: 
L^oo \ Al\ J[^^ 

uniformly in (/3, z) G [/3i,/32] x i^. 

Proposition 6.2. P-a.s. on Vt, Mb G M, VO < /3i < f32, Vif compact subset ofT>^, one has: 
1 1 



lim 



' ' n = 0, 1,2, (6.1) 



dx(^^^(x,x;/3,6,z,e) -/:(:^^x,x;/3,6,z,e)J 



L-s>oo I Ail /? 

uniformly in {I3,z) G [/3i,/32] x i^. 
6.1. Proof of Theorem ll.il 

6.1.1. Proof of i). The results follow from Propositions 16. l l and 16.2] with the simple relation: 

A"!^ (/3, 6, z, 6) = (f ) ^ dx (x, x; /?, 6, z, e) - /:fe)jx, x; /3, 6, z, e)) + 

/ dx£H (x,x;/3,6,z,6). (6.2) 
/5|Al| Ja. 



+ 
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2 



6.1.2. Proof of a). Define the operator on L 

zvr jp^ 1 + eze 

Since the function ^ i— )• is also exponentially decreasing on Tk when — )• oo, the 

study of the operator J^\f3, b, z, e) is therefore similar to the one of C^^\{I3, b, z, e). Then we 
deduce that P-a.s., VO < /3i < /32, V6 € M and for any compact subset K of V^: 

Poo{f3,b,z,e) := hm pf'\(3,b, z,e) = E[J^\o,0; (3,b, z,e)], (6.3) 

L— s>oo 

uniformly in 2;) G /32] X-?^- Here J7'i^'*(- , • ; /3, 6, z, e) is the integral kernel of JTJ^^ 6, z, e). 

Let K' be the interior of K which is supposed nonempty. Fix zq & K' . Let z & K near zq. 
Since P-a.s., V/3 > and V6 € M, P^\(3, 6, • , e) is an analytic function on P^, then: 

6, 6) = 6, z^,e) + {z- zo)-5^pir^ ^ ^o, e) + o{{z - zq)). (6.4) 

Notice that since ||i?L(6,ti;,^)|| < c,V^ G Fi^- and L G (0,oo], the third term in the r.h.s. of 
(j6.4p is L-independent. It follows from Theorem 11.11 1). P-a.s., V/3 > 0, V6 G M and for z £ K 
near zq, the following identity between non-random limits: 

Poo(/3,6,z,e) -Poo(/3,^^o,e) = (^ - 2o)-5^E[J-H(0, 0; /3, 6, zq, e)] + o(z - zq). 

pzo 

So Poo(/3,^, •,€) is analytic in zq, and l3zo^^{j3,b, zo,e) = E[J^\o,0; (3,b, zq, e)]. 

6.1.3. Proof of in). Let a G (0,^) and 6o S be fixed. Since P-a.s., V/3 > and Vz G V^, 
b 1-^ pj^\l3, 6, z, e) is a C°°-function, then for 6 G M near bo: 

P^^\t3, b, z, e) = )(/3, bo, z, e) + (6 - bo)^4^lif3, bo,z, e) + o{{b - bo)). 

In virtue of Remark 16.51 below, the third term in the r.h.s. of the above equality is uniformly 
bounded in L G (0, oo). It follows from Theorem ll.ll z). P-a.s., V/3 > 0, Vz G T)^ and for 6 G M 
sufficiently close to 6o) the following relation: 

Poo(/3,6,z,e) -Poo(/3,6o,^,e) = (6 - 6o)^A'oo,i(/3, 6o, z, e) + o((6 - 6o)). 

Then Poo{P, • ,z,e) is differentiable at bo and ^^(/3, bo, z, e) = (|)Afoo,i(/3, bo, z, e). 

6.2. Proof of Theorem II. 2L i) follows from (16. 2p for n = 2 and 6 = 0, Propositions 16.11 ii) 
and 16.21 Let us prove ii). Let a G (0, |). Since P-a.s. V/3 > and Vz G V^, b i-> b, z, e) 

is a C°°-function near bo = 0, then for real b sufficiently small: 

4^1 {f3, b,z,e)= X^^l (/?, 0, z, e) + ^^^^^^^ (/3, 0, z, e) + o[b) . 

From Remarks 14.41 and 16. 5| the last term in the r.h.s. of this equality is uniformly bounded in 
L G (0, oo). It follows from Theorems 11.11 i) and 11.21 i\. 

-Yoo,i(/3,6,z,e) - A'oo,i(/3,0,z,e) = 6-;foo,2(/3, 0, z, e) + o(6). 



This together with Theorem (LTJiiz), imply that Poo{f3, • , z, e) is twice differentiable near 6 = 
^(/3,0,z,e) = (^) 



and ^(/3,0,z,e) = {l)^X^,2{P,0, z,e). 
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6.3. Proof of Proposition 16.11 By Corollary 15.41 we can apply the Birkhoff-Khintchine 
theorem [211 Prop. 1.13] to (a;,x) i-^ £^)„(x, x; /3, 6, z, e), n = 0,1,2. This implies that P-a.s., 
for any /3 > and z & K: 

lim /" dx/:(^)„(x,x;/3,6,z,e) =E[/:(^)„(0,0;/3,6,z,e)] n = 0,l,2. 

L^oo I Ail J^^ 

But this is not sufficient to prove Proposition [6?TJ Consider the case of n = 0. In view of (|5.23p 
and Proposition 15.31 we can use the Birkhoff-Khintchine theorem for (x, uj) i— >■ Xo(x, x; b, uj, ^). 
Then V6 S M and G Tk, there exists Q^^b C fl with P(r2^^b) = 1 s.t. Vcj € ^^^b- 



U~l 1 dxXo(x,x;6,a;,C) = E[Xo(0,0;fe,a;,0]• 
L^oo I Ail J^^ 



(6.5) 



Now choose a countable dense subset of Tk, Tc := € N}. Then V6 € M, there exists 

ilfc C with P(ri6) = 1 s.t. yuj G rift and V^j G Tc, (16. 5|) holds. Next we use Proposition 15. 51 i): 
V6 G M, there exists Q.'^ C ilfe with P(ilfc) = 1 s.t. Vo; G il'^, the map ^ G Tj^ i-^ ^(^',^,0 := 
/^^ dxZo(x, x; 6, w, ^) is continuous uniformly in L G (0,oo). Let ^ G T/^. Then Ve > 
there exists G Fc s.t. VL G (0,oo), |<ji(6,a;,^) — <ji(6, tj,^j)| < e. On the other hand by 
Proposition 15.51 ii), can also be chosen s.t. |E[Zo(0, 0; 6, w,^)] — E[Xo(0, 0; 6, cj, ^j)] | < e. 
Then taking the real part we get: 

3fJ{E[Xo(0,0;6,a;,0]} - 2e < lim^inf lj, e)} < 

limsup3fJ{?L(6,w,0} < 3^{E[Zo(0,0;6,w,0]} + 2e. 



Obviously, this also holds true for the imaginary part. Consequently V6 G M, Vw G il'^, (16. 5p 
holds G Fj^-. We can repeat the same arguments as above to remove the 6-dependance but 
with the use of Proposition 15.61 Then we conclude that P-a.s., V6 G M and G Fx (|6.5p 
holds true. Notice that since P-a.s., V6 G M and G F;^ the integral kernel of Xo(6,a;,^) is 
uniformly bounded by a constant independent of uj and ^, therefore we have: 

dC{^-Co)\W,z;m[MO,0;b,uj,0] = ^£'^Z]oif^,0; P,b, z,e)] . 

Afterwards consider the quantity: 

Qo(/3, b, z, e) := ^ ^ {^-CofUP, z; ^ dxXo(x, x; b, u, e)-E [Xo(0, 0; 6, oj, 0] ) • 

Then by using (14. 2p there exists a constant c = c(/3i, K) > s.t. V/3 G [/3i, (32] and M z ^ K: 

\Qo{fi,b,z,e)\<c [ |de||e-eo|V^i«« -J- / dxlo(x,x;6,a;,0 -E[Zo(0,0;6,^^,0] 

In view of (j6.5p . this proves the proposition for n = 0. 

Similarly we consider the case of n = 1 from (I5.24[) . In view of Propositions l5.3 [ l5.5l and l5.61 
P-a.s., V6 G M and G Tk, (j6.5p also holds true if we consider now the kernel Xi(x, x; 6, uj, ^) 
instead of Xo(x, x; 6, ^). Hence, following the proof for the case of n = step by step, we 
conclude the proof for the case of n = 1. This proves i). ii) also follows by the same arguments 
but we disregard the 6-dependence since we only treat the zero-field case. 
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6.4. Proof of Proposition 16.21 Let L > and n > 0. We use the decomposition: 

Al = {Al \ Ak) U with A« := {x G A^ : d(x) < k}, (6.6) 
where we set d(x) := dist(x, SA^,). Note that the definition (j6.6p implies: 

|A^| = 0(l2) whenL^oo. (6.7) 
Hereafter we denote by XA^ the characteristic function of A^. 
Lemma 6.3. F-a.s. on 17, V6 G M, VO < L < oo and G Fx, t/ien; 

X (i?[^^(x,y;6,a;,^) -i?^^(x,y;6,a;,^))|y^^ andyi^ ((iVx + 6a(x))(i?[^^(x, y; 6, w, ^ - 



i?iJ,\x, y; 6, w, .^))) ly^^ are continuous functions on AL\Af^. 



a) There exists a constant 7 > and a polynomial p{- ) 6ot/i L-independent s.t. on A^ \ Dl: 
|<^(x,y;6,a;,e)-i?«(x,y;5,a;,OI 

< b(e)|(l + 1x1" + |yr)e-^l"-''l + + e-^(''('')+^('')) j , (6.8) 

|(iVx + ?^a(x))(4^^ (x, y; b, 00, - i?^^^ (x, y; b, uj, 0)\ 

< b(OI(l + |xr + lyD^e-T^I^-^l f + + e-i:fe(^W+^(^))') . (^.9) 

V|x-y|^ |x-y|^ J 

Proof. Under the conditions of Lemma [6.31 and from the Green's identity, we have on A|^ \ -Dl: 
R^^\^,T,b,oj,()-RgH^,y;b,uj,0 = [ da{z) Rg\^,z;b,Lo,0[n,-\/,R^l\z,y;b,oo,0], 

^ JdAL 

where dcj(z) is the measure on dA^ and the outer normal to dA^. From ()2.9p . Lemma 12.41 
and since z G dA^, then P-a.s., V6 G M there exists a constant 7 > and a polynomial p{- ) 
s.t. G Tfc the integrand in the r.h.s. is a continuous function on (A/, \ A^)^ satisfying 

/ da(z) Rg\^,z;b,iv,0[n,-V,R^\z,y;b,uj,C)] 

< |p(OI(l + |xr + |yr)e~^l"-^le-^(''(")+''(y)^ (6.10) 
Then (KTOh together with ([23]) imply ([6S])- We also have on A| \ D^: 

(iVx + 6a(x))(4'^ (x, y ; b, i) - i?« (x, y ; b, w, 0) = 

- \ I da(z)(iVx + 6a(x))i?(i)(x,z;6,a;,e)[nz-V,4'^(z,y;6,u;,0], 

Then Lemma [2.4l together with the above arguments show that (iVx+foa(x))(i?^^^ (• , • ; 6, w, ^) — 
-Roo^(' ; • ; ^5 0) is also a continuous function on (A^ \ A^)^ and ()6.9p holds. ■ 



Remark 6.4. Definitions (|3.2p and p.Sp then imply the following estimates. Under the same 
conditions as in Lemma |6.3| V(x, y) G A| \ and for j = 1, 2: 

< |p(e)l(l + Ixr + lyD^e- Wl-^l f + fikM + e-T1^(<iW+<iW)') , (6.11) 

V|x-y| |x-yl J 
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for another constant 7 > and polynomial p(- ). 

6.4.1. The case of n=0. Under the conditions of Proposition 16.21 we have: 

/ dae-^o)fe(/3,^;0 / dx(i?L(6,a;,eo)i?L(6,^,0)(x,x)-(i?oo(6,a;,eo)i?oo(^c^,0)(x,x)y 
Jtk jAk / 

Here we have used the first resolvent equation and the integral Cauchy formula to rewrite the 

second term of the r.h.s. of this expression. From Remark 12.21 and (|4.2p this second term is 

bounded above by c x jA^I for some constant c = c{f3i,K) > 0. On the other hand, due to 

(j6.8p . a straightforward calculus leads to: 



/ dx (4^) (x, y;b,uj,0- R^^^ (x, y;b,Lo, 0) 

JAl\A^ 



y=x 



< \piO\L 



2+a 



for another polynomial p{- ). Hence as in the proof of Proposition l6.H then P-a.s., V/3 G [/3i, /32], 
V6 € M, Vz E IT and for L sufficiently large: 

-3—/ dx ('4'^^(x,x;/?,6,2:,e) - >C^yx,x;/3,6,z,e)^ 

JAr. ^ 



< c- 



L 



l-a ' 



for some constant c = c(/3i , 6, K) > 0. This proves the case of n = 0. 

6.4.2. The cases of n=l,2. For any & € M, L G (0, 00] and ^ G F/^, introduce the notations: 

/Clj(x,z) = /CLj(x,z;6,a;,0 := (-lF^^4^(x, z; 6, w, x; 6, w, ^ j = 1,2, 
where (x, z) € A| and x 7^ z. Furthermore for j = 1,2 set: 

41(^0:=/ dx / dz/CL,,(x,z), ut%0-=l dx / dz/Coo,j(x, z), (6.12) 
JAi JAi JAi JAi 

^^^(^O—/ dx / dz/Coo,j(x,z). 

JAi J9?\Al 

Obviously we have the following estimate: 



/ dx ( / dz/CLj(x,z) - / dz/Cooj(x,: 

JAr V JAr 



(a;) 



We want to estimate each term in the above r.h.s. Firstly let us prove the following result. 
P-a.s., V6 € M, there exists a polynomial p{- ) s.t. € Tk and for large L: 



\u^L]iP,i)-ut],{b,i)\<\pmL^^^^. 



(6.13) 



(6.14) 



With our previous notations we have: 

41(^.0 = / dx/ dz(/CL,,(x,z)-/Coo,,(x,z)). 

By leaving out the dependence on 6, a; and ^ for the kernels, we have for j = 1, 2: 
|/Ci,,(x,z)-/Cooj(x,z)| < |(4^-^^^)(x,z)r,-i(z,x)| + |i?«(x,z)(T,-i-T,-oo)(z,x)|. (6.15) 
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In view of (|6l3]) . let us estimate the r.h.s of (^J^. By (f538]) - ([5T7l ) for L = oo, I^M) and 
(j6.1ip . then P-a.s., V5 G M there exists a constant 7 > and a polynomial p{- ) s.t. € Tk, 
for L large and V(x, z) G \ D^: 



|x-z| 



X — Z X — Z 



')- 



X — Z 



(6.16) 



Put the estimate (j6.16p in the r.h.s. of (j6.14p and a straightforward computation leads to 
(|6.13p . On the other hand from ()5.18p - (|5.17p . we have: 



veer^, |/Cooj(x,z)| < |p(OI(i + |z|' 



e 



|x-z| 



X — z 



for another 7 > and polynomial p{- ). We now use that there exists a constant c > s.t.: 

-7|x-z| 



V7 > 0, VL € (0,00), 



dx 



dz^^<c7-(2+^')L2 A: = 1,2. 
X — zr 



Then P-a.s., V6 G M, there exists another polynomial p{- ) s.t. G and for large L: 

bJ:i(6,oi<ip(e)i^'+" (6.17) 

Then (l633]) - (|6Tril imply: 



/ dx( / dz/CL,j(x, z) - / dz/Coo,j(x,z) ) 



< |p(e)i^ 



2+2q 



(6.18) 



From this analysis we conclude the case of n = 1. Indeed from (j6.13p - ()6.17p . P-a.s., V6 G 
there exists a constant c = c{f3i,K, b) > s.t. V/3 G [/3i, /32], Mz ^ K and large L: 



1 



(a;) 



lA 1/ dx ( ^— ^(x,x;/3,6,2;,e) - /:f^\(x,x;/3,6,z,e) 
I^lI JAi, V Ob 



< 



1 



|A 



L\ JVk 



< c 



1 



-2a ■ 



/ dx ( / dz/CL,i(x,z) - / dz/Coo,i(x,; 
J Ai, V JAl Jm.^ 

We now complete the proof of the proposition. Define for any 6 G M, L G (0, 00] and ^ G T^^-: 

/Cl,3(x, Z) := i?^^^ (x, zi ; 6, a;, O^^i.L (zi , 22; ^ w, C)^i,L (^2, x; 6, w, 0, 

where Z := (zi, Z2), (x, zi, Z2) G A| and x 7^ zi ^ Z2. Introduce the quantities ^^3(5, ^), m^^3(5, ^) 
as in (|6.12p but with ICl^3{x, Z) instead of /CL.j(x, Z), j = 1, 2 and integrating w.r.t. the mea- 
sure dxdZ. Moreover set: 



dx\ dzi / dz2/Coo,3(x, Z) / dzi / dz2 /Coo,3(x, Z) L 

JAl I J«.3\Al Jk.^ JAl Jm.^\Al ) 



Let us estimate m^3(5, ^) — u^^\{b,^) with the same method as above. (|6.15p is replaced with: 



'Al 



(6.19) 



|/Cl,3(x,Z)-/Coo,3(x,Z)| < 1(4') -i?«)(x,Zi)ri,L(zi,Z2)ri,L(z2,x)| + 

|i?«(x,zi)(ri,L - ri,oo)(zi,z2)ri,L(z2,x)| + |i?«(x,zi)ri 

,00 

(zi,Z2)(Ti^i - ri_oo)(z2,x) 
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Here it is convenient to set zq = Z3 = x. By using (j5.18p . (|5.17p together with (|6.8p . (|6.9p . 
then P-a.s., V6 € M there exists a constant 7 > and a polynomial p(- ) s.t. € F^^-, for large 
L and V(x, Z) G with x ^ zi 7^ Z2: 

|/Ci,3(x,Z) -/Coo,3(x,Z)| < lp(0|L3"e-wS?=ol^'-^'+ilx 

2 2 

X (III ^ :)^(xA.(zO + |z,+i-z,|e-wW-'+0+d(z,)))_ (g_20) 

So from (|6.20p by a tedious computation, we obtain that P-a.s., \/h G M, there exists another 
polynomial p{- ) s.t. G Fi^- and for large L: 

\u^Ll{b,0-ut],{h,i)\<W)\L'^'''. 

We also have the estimate: 

2 



(6.21) 



i/Coo,3(x,z)i < |p(e)i(i + izir)(i + iz2r)(n 



1 



zz+1 - z/ 



)e 2(i+ici) 



for another constant 7 > and polynomial p{- ). In view of (j6.19p . by some straightforward 
estimates, P-a.s., V6 G M, there exists another polynomial p{- ) s.t. G Tk and large L: 

Consequently, 



(6.22) 



/ dxf/ dZ/CL,3(x,Z)- / dZ/Coo,3(x,Z)) 



< W)\L 



2+3q 



.23) 



Let us prove the case n = 2. Prom ()6.18p and (j6.23p . P-a.s., V6 G M there exists a constant 
c = c(/3i, ir, 6) > s.t. V/3 G [/3i, /32], Vz G /iT and for large L: 



|Al| 



dx 



< 



(x, x; /3, h, z, e) - /^f^^2(x, x; /3, 6, z, e)^ 

I / dxf/ dZ/CL,3(x,Z)- / dZ/Coo,3(x, 

/ dx ( / dz/CL,2(x, z) - / dz/Coo,2(x 
JAr V Jk, Jr3 



+ 



(6.24) 



Since we suppose that < a < |, the proposition follows. ■ 

Remark 6.5. (j6.18p . (j6.23p and (|4.5p show that the finite- volume magnetization and suscep- 
tibility, if they are defined, are uniformly bounded in L provided that a G (0, ^). In fact these 



considerations can be extended to estimate Af^'^g (/3, 6, z, e) in (j4.15p . Indeed let: 

d^uf]i^,^;b,0- 1^ dxZ^i")(x,x;6,0 



(6.25) 



where U^^] (•,•;&, are defined in and Z^H(. , • ; 6, e) are defined in the same way but 

with L = 00. (j6.25p can be estimated as above. In that case, handling heavy technicalities, 
we can show that P-a.s., V6 G M there exists a polynomial p{- ) s.t. G Fx, the quantity in 
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(lOSD is bounded above by b(OI^^^^"- I* follows that if q G (0, i), then (|iJ5D and (lO) 
imply that P-a.s., V/3 > 0, V6 G M and Vz G i^, x}fl{/3,b, z,e) is also bounded uniformly in 
Lg(0,oo). 

7. Appendix 

7.1. Proof of Lemma 12.41 For all L G (0, oo] and 5 G M denote by Gl{- , ■ ;t,b) the integral 
kernel of the strongly continuous semigroup {e~*^0'^''^\ t > 0}; here Ho^Lib),L < oo,L = oo 
is the free operator defined respectively in (11. 5p and (II. 6p with y^'^-' = 0. It is known that 
, • ; ^) is smooth and obeys, see fll Eq. (2.31) & (4.13)]: 

V(x,y) G Ai, |(iVx + 6a(x))GL(x,y;t,6)| <c(l + |6|)3(l + t)5t-V^, (7.1) 

where c > is a L-independent constant. Let A < min{0, Eq}. By using the Laplace transform 
[m Eq. (2.5)] in the kernels sense, we get on A| \ Dl: 

(iVx + 6a(x))4'[(x,y;5,A) = / dt e^*(iVx + 6a(x))GL(x, y; t, 6), (7.2) 

Jo 

where R^qI^{- ,■ ;b, X) denotes the integral kernel of Ro^L{b, A) := {Ho^L^b) — X)~^, L G (0, oo]. 
Due to ()7.ip . (|7.2p is well-defined and the function (x,y) i-)- (iVx + 6a(x))i?[,^]^(x, y; 6, A) is 
jointly continuous on A| \ D^. Besides, there exists a constant c = c(A) > s.t.: 

V(x,y) GAi\I)L, |(iVx + 6a(x))4;i(x,y;&,A)| <c(l + |&|)3^^!^-^. (7.3) 

Now P-a.s., V6 G M, VA < min{0, E'o} Sind VL G (0,oo], the second resolvent equation: 

RUb, CO, A) = Ro,Lib, A) - Ro,L{b, X^^^^^Riib, u;, A), (7.4) 

holds in the bounded operators sense. Indeed, P-a.s., V6 G M, y('^)i?L(6, w. A) is bounded if 
L < oo. When L = oo, i?o,oo(b, A)y*^'^-'i?oo(ft, A) is defined as the closure of the same operator 
defined on the domain [Hcx){b,uj) — A)C^(M^) which is dense in L^(R^). Hence, we have 

(iVx + Mx))i?i'^(x,y;6,w,A) = (^Vx + 6a(x))i?^^;^(x,y; 6, A) - >[L(x,y; A), (7.5) 
ML(x,y;6,w,A) := / dz (iVx + Mx))<l(x, z; 6, A)y(-)(z)4'^ (z, y; 6, A). 

According to the decomposition V^^^ = V^^^^ + V2^\ set on A^ \ D^: 

A^L(x,y;6,tj, A) = A1l,i(x, y; 6, w. A) + A1l,2(x, y; 6, w. A). 

From (123]), dLS]), Lemma El with (Rl) if / = 1 and Lemma O i) with ([O]) if / = 2, 
together with (H^l) and ([73]), then P-a.s., V6 G M, VA < min{0, ^o}, VL G (0, oo] and V(x, y) G 
AI\Dl, (iVx + 6a(x))4;|(x,.;6,A)l^(")(-)4'^(-,y;6,a;,A) G L^Al) V(x,y) G AI\Dl. 
From Lemmas 17. II and 1 7.41 then (x, y) AI/, /(x, y; 6, cj. A) are jointly continuous on A'j^\D£^. 
Therefore this also holds for (x,y) i-)- (iVx + bai{-x.))R^p {-x,-y;b,uj, X). 

On the other hand, from Lemmas 17.21 and 17.31 together with ()2.9p . (|7.3p and the inequality: 

|x - z|"^|z - y|"^ < |x - y|"^([x - z|"^ |z - y|~^) x / y / z, (7.6) 
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then there exists a constant c > s.t.: 

oe"'^'^'^)!''"^! 

V(x,y) G Ai\DL, |A^^_i(x,y;6,a;,A)| <c(l + |6|)3^— (7.7) 

where c'(A) := ^mm{^^^, iqrpq-} = |TqqA[ if A < is chosen large enough. From (|1.3p . (|2.9p . 
(|7.3p together with (j7.6p . then there exists c > s.t.: 

V(x,y) E Ai\I)L, |A^L,2(x,y;6,c^,A)| <c(l + |6|)3(l + |xr + |yn^^^— ^. (7.8) 

Therefore in view of (j7.5p . then (j7.3p together with (j7.7p and (j7.8p imply that P-a.s., VA < 
min{0, i?o}) there exists c > s.t. VL G (0, cx)], V6 E R, we have on \ Dj;,: 



|(zVx + 6a(x))4^^(x,y;6,a;, A)| < c(l + |6|)3(1 + jx]" + [yD ^^' ^^"^ ■ (7.9) 



|x - y 

Now the first resolvent equation allows us to write V(x,y) E A|^ \ Dl: 



(iVx + 6a(x))4^) (x, y; b, lo, = («Vx + 6a(x))4^) (x, y; 6, A) + A/'l(x, y; b, uj, A), 

AAL(x,y;6,^^,^,A) := (e-A) / dz (iV^ + Mx))4'^(x, z; 6, A)4'^ (z, y; 6, a;, 0- (7.10) 

-'At 

Due to (HJ]), (US]) and LemmaO^), F-a.s., V6 G M, VL G (0,oo], Vr? > 0, VA < min{0,L;o}, 
and V^ G C s.t. d{£,) > rj, (x, y) i— )• A/l(x, y; 6, cj, A) is jointly continuous on A| \ Z?^. This 
proves Lemma 12.41 i). ii) follows from (|2.9p . (j7.9p and the fact that for |A| large enough, there 

exists y > s.t. V^ G C, d{C) > tj, min{^^, > ■ 

7.2. Some kernel estimates. Here we give some useful estimates needed in this paper. 

Lemma 7.1. Let [/ C R'^ 6e an open set and D := {(x, y) G f/^ : x = y}. 
Let Ki(- ,■) : U'^ \ D ^ C, I = 1,2 be integral kernels satisfying: 
(hi) Ki{- ,z) and i^2(z, • ) are continuous on U \ {z} for almost all z G C/. 
(h2) There exist real numbers ci,ji > and vi, m > as well as 5i G [0,3) s.t.: 

V(x,y) GC/2\Z), |KKx,y)| <Q(|xr' + [yr) | .l' ^ = 1,2. (7.11) 

|x — y| ' 

T/ien.' 

i) i^i(x, • )iir2(- ,y) G L^{U) for all (x,y) G U'^\D. Furthermore the map: 
(x, y) iH^/C(x, y) := dz A'i(x, z)Er2(z, y) is jointly continuous onU'^\D. 

ii) Under the additional assumption 81+62 G [0,3), i^i(x, • )i^2(' ix) G L^{U) for all x £ U. 
Moreover x /C(x, x) is continuous on U. 

This result is obtained by using standard arguments, see e.g. P, Sect. 3]. 

Lemma 7.2. Consider the assumptions (hl)-(h2) of Lemma \ 7. 1\ but with ^i^ui = 0. 
i) Let (5; = 1,2 and 7 := min{7i,72}. Then there exists a constant c > s.t. on U"^ : 

[ A \Tr ( I M / c _7|x_ I / ix vl"'i°{ii.^2} ifSi,S2^landx^y 

/ dz i^i(x,z z,y) < -e 2l^yix<^ ^-yl r r 1 • (^-12) 

J[7 7 [ 1 tf 61,62 = 1 
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a) Let 7i = 7 and 6i = I, I = 1,2. Then \/k > 2 there exists a constant c > s.t. on U'^ : 

[ dzi---dzfc|Ki(x,zi)i^i(zi,Z2)---i^i(zfc,y)| < ^^e-*l"-y|, (7.13) 

dzi- ■ ■ dzk\Ki{x,zi)K2{zi,Z2) ■ ■ ■ K2{zk,y)\ < —r-. ifx^y. (7.14) 

c/fe 7 |x - y| 

Proof. The main ingredient is the following estimate. For all 7 > and 6 G [0,3), 

sup / dy = rd..-V- = (7.15) 

^SJm^ |x-y|^ Jo j^-^ 

where r(- ) denotes the usual Gamma Euler function. When 5i = 62 = 1, we have: 

V(x,y)eC/2, / dzjKi(x,z)K2(z,y)| < ciC2e-2l^-y| / dz . . -. 

Ju 7iR3 |x-z| |z-y| 

Then by the Cauchy-Schwarz inequality and (j7.15p . (j7.12p follows. Similarly we get the cases 
of (5i = 2, (52 = 1 and (5i = ^2 = 2 from (^M) combined with (fTTSl) . 

The estimates (j7.13p and ()7.14p are obtained by induction from the above arguments. ■ 
Lemma 7.3. Letj>0,6e (0,3) and p > Suppose that V G LJ^j^^(M3). Then'ix G M^, 

V{-)e~"'^^^' I |x — • 1"'^ G L-'^(M^), and there exists a constant c = 0(7, 6, ||l^||p,uloc) > s.t.: 

sup ||F(-)e-^l''"-l|x--r'^||i <c. 

Proof. Let ^ + ^ = 1 and p > -^gr^y- By the Holder inequality, we get: 

/ dy|y(y)|- ^ < ll't^llp.uioc / dy- < 00. 

V|x-y|<l |x-y|^ VV|x-y|<l |x-yrV 

On the other hand, with same p, q, we have: 

/ dy|y(y)|p^^ < fE / dy|y(y)re-^l--yiyf / dye-^l^-yl) 

^|x-y|>l |X-yl V^ifc<|x-y|<fc+l / Vi|x-y|>l / 

Since the domain A; < |x — y[ < A; + 1 is covered by cste x k'^ unit balls, then the above r.h.s. 
is bounded from above by c||y ||p^uioc( X^fcLi A;^e~^'^) < 00 for some constant c > 0. ■ 

From Lemma |7. 1 1 together with Lemma 17.31 we finally prove: 

Lemma 7.4. Consider the assumptions (hl)-(h2) of Lemma \ 7.1\ Let V G -L^jq^(R'^) with 
P > 3-max%i,fe} ^1+^2^ 0, dscwhere p>l. Then Ki{x, ■ )K2(- ,y) € L^U) for all 
X 7^ y. Furthermore, (x, y) i-^ /^^ dz Eri(x, z)F(z)if2(z, y) is jointly continuous onU^\D. 

Proof. Consider only the 'most tricky' case which occurs when [/ = M'^. Note first that the 
estimate in (/i2) can be rewritten on \ D as: 

_Tl|x-y| _22|x-y| 

|Ki(x,y)| <ci(l + |xr^+^^) " [i^2(x,y)| <C2(l + [yr^+^^) ^ , (7.16) 

|x y| |x y| 

for another constants ci,C2 > 0. Set J(x,y;-) := Ki{x, ■)V{-)K2{- ,y). Let < ? < ^|x — 
y| and denote by S(-,<;^) the open ball having the radius ? > 0. From ()7.16p . there exists 



9 
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a constant c = c(|x|,|y|) > s.t. Vz G ^(x,?), |J(x,y;z)| < c|F(z)|e~^l''"^l|x - z|-''i. 
Then by Lemma [7.31 <^(x, y;-) G L^(,B(x, ?)) as soon as p > 3/(3 — 6i). On the same way 
J(x, y;-) G L-'^(S(y, 5^)) as soon as p > 3/(3 — 62)- Besides there exists a constant c = 
c'(Ix|,|y|) >Os.t. Vz G M3 \ (^(x,?) US(y,?)), |J(x,y;z)| < ce-^l^-^l|F(z)|e-^l^-yl. As 
suPxeRS ||V^(-)6~~ llpiSupyg]g3 ||e~~'' llq < 00 whenever p,q > 1, then by the Holder 
inequahty J(x,y;-) G L^(M3 \ (S(x, U ^(y, 0))- Therefore J(x,y;-) G L^{R^) provided 
that p > 3/(3 — max(5i,52))- By standard arguments, the continuity property fohows. ■ 
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